EUCLID* DATA, 


„ | Reſtored to their 
TRUE and GENUINE 


O n KM 


Agreeable to Pappus — s account of 


them, in his Preface to the Seventh Book w 
his Mathematical Collections. 


7 
Teacher of Mathematicks. 


In this Edition care hath been taken, to correct the 


errors in the Enuntiations of ſeveral Propofi- 


tions, and their Demonſtrations, contained in 
the Manuſcript Copies, as well as in the other 
Editions; and ſuch Propoſitions as were want- 
ing are here reſtored, and the ſupernumerary 
Propoſitions, contained in the other Copies, are 
here made Corollaries to the Propoſitions they 
reſpectively belong, as mentioned by Pappus. 
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JAMES DAWKINS, 


OF 


Ae 


LAVERSTOKE, 
Eſquire. 


SIR, 

ROM your laudable Diſpo- 
ſition, ' to reſtore the Know- 
ledge of Arts and Sciences to that 

Perfection they were in, amongſt 1 

the antient GRECIANSs, and which \ 
you have manifeſted by your Prince- 

ly Generofity in the Publication of 

the Ruins of PaLMVRA and Bal- 

A 2 =— 


WD 
10 


DEDICATION. 


* c, it is, that I have preſumed to 


inſcribe to you, this Tranſlation of 
Evuctid's Data, reſtored to their 


true and genuine Order, as deſcribed 


by Parrus ALEXANDRINUS in his 


Preface to the ſeventh Book in his 


Mathematical Collections. I am, 
Sir, with the — Eſteem and 
Gratitude, F 


Your moſt obliged 
and moſt obedient | 


humble Servant 


RICHARD jack. 


PRAF ACK 


T O vindicate the analyſis of the Antients 
rom the cavils of the modern Algebraiſts, 
and to flate ſo valuable a performance as the 
Data of Euclid in their true and genuine 


order, as deſcribed by Pappus Alexandrinus 


in the preface to his ſeventh book of his 
mathematical collections, are the principal 


motives, which induced us, to publiſh a new 


edition of the Data. 


From a manual dexterity in calculating an 


algebraick equation it is, that the Moderns ima- 
gine themſelves endued with a ſuperior degree 
of knowledge, and flatter themſelves that all 
mathematical learning depends upon a ready 
arrangement of their characters, by which, 


in a few lines, they demonſtrate the moſt 
. A "os pntricaty 


intricate theorem, and ſolve the moſt difficult 
problem; whereas,” on the other hand, the 
demonſtrations of the theorems, and conſiru- 
Bien of tbe problems, by the method of the 


Antients, are extremely tedious and unneceſ- 


ſary. Such is the language of -the modern 
Algebraifts, How far they have reafon and 


truth on their fide, wwe appeal to ſuch candid 


Geometricians who have with care peruſed 
the Data, which were deſigned by their in- 
comparable author as an introduction to the 


analyſis of the Antients, as his Elements were 
for the principles of Geometry, together with 


fuch fragments of the Antients that have 


eſcaped the inquiry of time; to ſuch only can g | 
ve appeal, becauſe it is 1mpeſſible for any 
one to be 4 competent judge without a tolerable 


ſhare of knowledge in both. 

Some Algebraifts alledge, the whole h 73 "2 
one man is too ſmall. a time, to peruſe one half 
of the modern diſcoveries, if wrote in the ftyle 
of the Antients; whereas, as they now and, 
the whole may be run over in a few years, 


Bur if the queſtion was put, what are thoſe 


numerous diſcoveries made by the Moderns? 
what is that great increaſe of knowledge 
which the Algebraiſts have enriched mathe- 
mati cal * mn, 2 which the Anti- 
ents 


th PREFACE, vil 
ents knew nothi ng of ? Iam afraid the anſwer 
would turn out, hic labor hoc opus eſt. 


I ts true, the Moderns have made feveral 
uſeful improvements; but, when theſe im- 


provements are carefully conſidered, they flow 


From geometrical, and not from n 
Principles. | 
0 It muſt be acknowledged that, in this and 
1 the laſt century, a multitude of performances 
SF Have appeared from the hands of the Alge- 


4 braiſts; but, when looked into, moſt of them, 
: without extending their principles, treat of 
the ſame things, digeſted into ſyſtems, formed 
agreeable to the opinion of each calculator: 
Others, who claim the honour of extending 
their principles, treat of what they call 
Fluxions, calculus differentialis, infiniment 
Petit's, extreme and ultimate ratios, &c. 
and with ſo much obſcurity, that no diſtin 
idea of the thing treated, is, communicated td 
the mind of the reader. From their want 
of that preciſion and perſpicuity which the 
Antients carefully obſerved in all their writs 
ings, the mind becomes clouded with confuſion; 
begins to doubt, which terminates in a diſbe- 
lief of their principles; for which reaſon 
they have often been called upon to demonſtrate 
4 them: But as no demonſtration has appeared; 
1 A 4 | wi 
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„ 
we may juſtly conclude, that either their prin- 
ciples were intapable of being demonſtrated, 
or, that the Algebraiſts are not ſo well ac- 
quainted with FEES on as to be able . 
the taſk. 

That they perform their folutions i in a more 
eaſy and expeditious manner, than that prac- 


tiſed by the Antients, whi 05 they ſo loudly and 
uni ver ſally proclaim, is far from beimg al- 


lowed : The moſt certain, is, always the moſt 
expeditious method of enguiring after truth. 
The proverb feſtina lente 7s very properly 
applied to an inquiry of that nature: Of this 
the moſt judicious of them are very ſenſible. 
1f they mean, by their method, they can expreſs 
in a few lines, what would take up a page or 
more, by the method of the Antients, what 
then? this general flating of the queſt on 
proves nothing. To prove what they aſſert, 
it ought to have been ſlated thus; by our 
method, in a few lines, ae can expreſs, with 
the greateſt accuracy and perſpicuity, what 


cannot be expreſſed by the method of the 


antient analyſis, in a whole page. 


Certainly, that method muſt be allowed to 


be the moſt clear and diſtin, which, to the 
generality of readers, conveys, in the ſmalleſt 
time, a juſt and adequate idea of the ſubjet?. 
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If | therefore a- greater time be conſumed, 
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fer fectiy to underſtand their few lines, than 
what is neceſſary to read over and compre- 
hend ſeveral pages, nay propoſitions, treated 
after the manner of the Antients; or if, 10 
render them equally intelligible, they cannot ex- 


” preſs in two pages, what by the antient analyſis 
is done in one, without doubt, it muſt be con- 


cluded, that the antient analyſis, is much to be 


preferred, both for diſtinctneſs and expedition. 


That this is the truth, an experience of 


many years has convinced us. We have 


often found, that propoſitions were well un- 


derſtnod, when demonſtrated after the man- 


ner of the Antients, in the fourth part of 
rhe time, the ſame could be concerved, when 


explained after the manner of the modern 


analyfis. The whole Data of Euclid, which, 


in all the copies, confiſts of 95 Theorems, may, 


after the firſt principles, be run over in two 


weeks; whereas, the ſame number of propofi- 


tions, to one in fimilar circumſtances, cannot 


be equally comprehended in at leaſt double that 


time, Theſe are truths experienced to all 


thoſe, who have read the Data: Therefore, 


if the whole life of one man, is too ſmall a 
time to peruſe the modern diſcoveries, when 


| WM ae agreable to the method of the 


Ancients, 
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Ancients, it muſt be too ſmall, as they now 

fland, to undenſtand one fourth part of them. 
be truth is, all we bave left of the Antients, 
may be underſtood in the ſame time, that, to 
any uſeful purpoſe, a few volumes of the 
moderns can be read. To this we may very 

Properly attribute the preſent general neglect 


of mathematieal learning, which is of great 
importance to fociety. 


The reader, and ſcholar fland in the ſame 


point of light to the author be reads, and the 
maſter who teaches, they both apply, with the 
fame view of being infrutted and the pro- 
greſs they make, is always in proportion to 
the accurate, diftintt, and clearneſs of ex- 


preſſion in either; and when obſcurity croud. 


upon them, they naturally deft from read- 
ing and learning. To what other cauſe then 


can we attribute the preſent decay of mathe- 


matical knowledge, than the univerſal opinion 


of the great difficulty, and the vaſt length a 
of time that 1s neceſſary for the acquiring it, 
but the modern and unnatural introduction 
of Algebra, Fluxions, extreme and ultimate 


ratios, into Geometry? This, I grant, is a 


Juſt charge againſt the general practice, that 


at preſent prevails, in reading and teaching 


5 Marbemati el Lu, abe. * taught, 
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If and read, agreable to the practice of the | 


Antients, no ſtudy can be more eaſy, none 


more pleaſant and agreable and more real 


mathematical knowledge, is acquired in half 
the time that is commonly allotted for claſſical 


learning, than in a whole life, conformable to 


the preſent reigning practice. 

| That the method of the Antients, is infi- 
nitely preferable to the analyſis of the Moderns, 
Sir Iſaac Newton, that prince of pbilgſo- 


pbers, was perfectly convinced. For that 


reaſon he propoſed, that in our inquiries into 


nature, we ſhould proceed by the analyſis and 


compoſition of the Antients, in order to eſta-= 
bliſh it upon a ſolid foundation, and put an 
end to all diſputes; for upon no other prin- 
ciples, can we ſo ſecurely rely. This was his 
opinion, after he became acquainted with the 
ſpirit of the Antients. And Mr. Pember- 


ton ſays, in his preface to his view of Sir 


Iſaac's works; © that be had heard bim 


e cenſure himſelf, for not following them more 
"y cloſely than be did, and ſpeak with regret 


« of bis miſtake, at the beginning of his 
« mathematical ſtudies, in applying himſelf 
&« to the works of Decartes, and other alge- 
« braical writers, before he had confidered 


- * elements of Euclid, with that attention, 
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40 2 excellent a writer . deſerves : That he 


« highly approved of the laudable attempt of 


« Hugo de Omerique, to reftore the antient 


te analyſis, &c. Since, the greateſt philoſo- 
pPpber any age can boaſt of, ſpeaks with ſo much 
regard to the Antients, and in ſo eminent a 
manner, prefers them to the Moderns, as to 


regret bis mifiake, in reading of algebraical 


authors, what mathematician, what philoſs- 


pber can doubt, that the antient analyſis is 


attended with infinitely ſuperior den alt 
above that of the modern Algebra, extreme 
and ultimate ratios? &c. Mr, M'cLaurin, 


in his account of his Fluxtons, Phil, Tranſ. 


No. 468, inter alia, ſays, . unbounded 
* [liberties have been introduced of late, by 
„ aohich Geometry is filled with myſteries, 
« and philoſophy ts likewiſe perplexed.” A.- 
gain, in the ſame page, Geometry bas been 
always conſidered as our ſureſt bukvark 
* againſt the ſubtilties of the ſceptics, who 
are ready to make uſe of any advantages 


* that may be given them againſt it, &c.” 
Several other paſſages to the ſame purpoſe are 
to be found in his account of Sir Iſaac New- 


ton's philoſophical diſcoveries. Such is the 

opinion of one, concerning the method of the 
* who Was a * algebraift bimfelf, 

a2 
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and who has wrote two large quartos, in 
defence of the doctrine of Fluxions, But ſuch 
is the force of truth, it breaks out in full 
vigour, in Teen fo the firongeſt preju- 
dices. 
- If the 2 nions of real matheniaticians can 
* any weight, many might be produced. 
The greateſt amongſt the Moderns, declare in 
favour of the analyſis of the Antients. Sir 
Iſaac Newton's, and Mr, M'cLaurin's, l- 
ready have been mentioned 3 we ſhall only in. 
ſert Mr. Powel's, concerning de Omerique's 
analyſis, and that of Mr. Simſon's, the greateſt | 
geometrician the preſent age can boaſt of, in 
bis preface to his Apollonii Pergaei Locorum 
' Planorum, &c. and refer the Reader, for 
bis further ſatisfa&ion, to the few treatiſes 
the world, as yet, has been favoured with, on 
the ſubje®, particularly to Simſon's Loci, 4 
work the moſt valuable amongft the modern 
Productions, and not unworthy of Archimedes 
himſelf. The length of time to peruſe Authors 
on this valuable ſubjef, can plead no excuſe for 
our neglect, as the abovementioned Author, - 
| Halley's Apollonius de Sectione Rationis, „ 
da Omerique's analyfi,. conſtitute the c 
| mow 9 
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Mr. Powel, who was profeſſor of Mathe- 


matichs in the college of Guada, in giving 
bis opinion of de Omerique's analyſis, ſays, 


"$4 


6e 
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et ex certa ſcientia præeligit commo- 
diores ut utilius problema ſimul ſolvat, 
conſtruat & demonſtret. Elementa i in- 


quam rite concinnata adhibet, nam quæ 
ſexcenti alii interpretes commentati ſunt, 
ideo formidine cujuſque legentis animum 


inquietarunt, quod laborarent ignorantia 
hujuſci finis, five, ut ita dicam, objecti 
attributionis unice docentis quæ & qualia 
eſſe debeant elementa ad ſe conducentia; 
unde aſſerere audeam plus emolumenti 
ex hujus analyſeos introductione in ele- 
menta redundare, quam ex ſexcentorum 


hocuſque interpretum lucubrationibus, 
Hane nudum potius deſcriptionem, quam 


exquiſitam laudem expedivit complacen- 
tia mea quadriennis, quam in dies augere 
non deſinit, jugis hujus analyſeos exer. 
citatio, GCS. 

Mr. Simſon, in his preface to bis Apol- 


lonius, after he takes notice of particular 

equations uſed by the marquis de L'hoſpital 
and Schooten for the ſolution of arfferent pro- 
poſitions i in Apollonius's Loci, gives his opi- 
mon concerning the modern algebraical ana- 


] | 42 
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Mir in the following manner ; © alind enim 


« nihil, practer haec quae dicta ſunt, pro 
4 compolitione, hoc eſt conſtructione et 

„ demonſtratione loci propoſiti affert Schoo- 
„ tenius, atque fic qui viam hanc ſequun- 
tte tur, puerilibus hiſce operationibus, ſibi 
* et in geometria tyronibus illudunt. Sed 
praeterquam quod aequatio haec, eique 
4 ſimiles dytouergma; prorſus ſunt, quis 
« non videt multo difficilius fore inve- 


** nire ipſas p, q, r geometricè, ut earum 


cope aequatio conſtruatur, quam aequa- 
e tionem ipſam 1 invenire ? Canonem autem 


| Fe a y =p + Z= nihil at eas inveniendas 


a e idemque cenſendum eſt de 
_  Canonibus quos tradunt Locorum ad cir- 
e culum et Locorum ſolidorum conſtru- 
« ctioni inſervientibus. Qui vero tantum 
hiſce calculis algebraicis aſſueti ſunt, nun- 
* quam, niſi fortuito, vel Theorematum de- 
* monſtrationes, vel Problematum et Loco 
te ram ſolutiones naturales et elegantes exhi- 
75 "nh valebunt, Et quidem yok auxilii 


* This is the ultimate conclufion of one of 


the equations uſed by Schooten in bis Burri, 
Hatpem, Page 210, | 


* tym 
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C 
* Geometricatn, ex Propoſitionibus quae in 
<. praedictis Veterum libris Analyticis conti- 


* nebantur, quam in omnibus Algebrae 
t praeceptis, jure expectandum eſt. 
It is an unſpeakable loſs to the e 


* 


3 that Sir Iſaac Newton did not follow 


more chſely, the: reſolutt on and compoſition of the 
Antients, in the demonſtrations of the propoſi- 


tions in his Principia; for by that means, an 
end would have been put to all objections, that 
have fince been made to ſome of his principles, 
mankind would have been poſſeſſed of a juſt 
Alem of philoſophy, and, by that plain and 
juſt method of reafming, it would have been 
 perfettly and uni ver ſaliy underſtood; whereas, 


as it now lands, it is not only obſcure, 25 


under/iood by a very few, though eminent 


mathematicians; but demonſtrated from prin- 
ciples, that have been greatly objected to; nor 


are mathematicians yet altogether ſatisfied con- 


cerning their truth, No ſcience can be ar- 


tended wth greater diſadvantage, than to have 
15 principles clouded with indiſpelli ble obſcu- 


- ities, and crouded with F/ Nculties, which 
only can be overcome by great affiduity,- and 


Expence of time : this naturally puts a flop to 
the progreſs oY me. V and few have ſpirit 
Ia 


1 


tum ad Analyſin tum ad compoſitionem 
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2 reſolution enough to attempt the execution 


of it. Wat this is a truth, time and expe- 
, rence have ckarly proved; for, amongſt the 
great multitude of authors that have appeared, | 
Ince the firſt publication of the Principia, and 


by men of great capacity and extenſfue karning, 
none have extended theſe principles, none baue 


gone ſo far ; nor has any one, as yet, explained 
| them in their full extent, in a plain and in- 
telligible manner, ſo as to be underſtood by the 
common run of mathematicians. For Keil, 


Gregory, Whiſton, Graveſand, Muſlen- 


broeck, Clarke, Deſagulier, Helſham, Rown- 


ing, Ode, Rutherforth, &c. and even M'c- 
Laurin himſelf, have all dwelt upon the out- 
| lines, and ſeem as if they were afraid to enter 


upon an explanation, of his. demonſtrations, of 


the moſt ſpeculative and intricate part of bis 
principles; nor has any one of them extended 
| the doctrine of motion, which Mr. M'cLau- 


rin, in his account of Sir Iſaac Newton's 


Phi oſophy, calls the key of nature, ſo far, as 
| the great Galileo in bis Moto Locali, where 


xvif 


a great number of curious properties of heavy AE 


Bodies, aſcending and deſcending by gravity, 
are, in the moſt beautiful and elegant manner, 
demonſtrated from the pure principles of Geo- 
_ From the whole it is evident, that the 


- 
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xvili 


Principles of ſcience are always in pi f 
_ their. Accuracy, Simplicity, and ferſpicuity.” 9 5 
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beauty and elegance of the denionfirations of the 
or tzon 10 


On the cantraty, anxiety, doubt, and 2 


. belief, are the natural conſequences, of i intricacy 


and obſcurity. The reſolution and compoſi- 


tion / the Antients, in our opinion, are cun- 
| formabh to the firſt, aud that of the Modern 
analyſis fo tbe lat. To all geometricians 
theſ are evident truths, however. diſagreeable 


| Zo gur modern ar! thmetical mathematictans. 


Nor, till ſuch time that the manner of in- 


veſtigating geometrical trutbs, conformable'to 


the practice of the Antients, is reficred, and 
uni ver ſally cultivated, can we expect 2 


matical learning, and of conſequence na 


Plibſeply, to fare. 

But as that ineſti mable performance f Mr. 
| Simpſon' s Loci, has lately appeared, together 
with Halley's A e de Sectione Ra- 
tionis, we Lope that theſe 101ll be ſeon follewed 
by 3 Th IE theſe principles: and, fince 
7 defends upon a previous, knowledge 
f Noh ala, ry havirg found, by com. 


= faring the different editions, With that account 


of them given oy Pappus Alexandrinus, "that 
ſeveral corruptions and inaccuracies have. bern 


3 We. * af pre N we 
could 


ww 
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tld nt conribute more to che firwarding No: 
valuable a purpoſe, as to give an edition of the 5 


Data, 80 free , theſe. errors and cor- 
ruptions, and to reſtore ſucb propoſitions as 


appeared to be. left out, by which, theſe tw 


valuable performances will be more eafily 


tieeud, and more clearly nnderfload. That our 
readers "may have a more clear and diflindt 
. iden of He Data, and of the tefolutioh and 


| compoſition of the Antients, in general, we 


Hall give them the Jubſlance of Pappus's ex- - 
Planalion f them, in his Preface to bis Se- 
venth Book of bis Mathematical Cyllections, 
as it fands in Commandine $ PR 25 
a, Jolle. | 


| The ſubſtance of Poppur's s account of the. 


antient analyſis, 


= To 0 you the ſon of Hermodorus, 1 frat 
« lere briefly explain the nature of the Loci, p 


. anhieb is called reſolution. Reſolution 16 
. the method by which geometriciuns inveſti- LY 


oy 


rate the ſolution of problems. This they 
„ oo, by romparing the principles contained 
% in the common elements of Geometry with 

« ane attother. This method was invented, 
1 "chiefly for the folution of problemi, and 5 
* A * commonly introduted, immedi- 
wt VS 2 1 ** ately 
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the firſt, principles gf. 


pan this ſubjef, three authors haue a, 
ug 18. Euclid, who is author of the elements; 


„ 


CO 
a 


pay 


which is required, is ſuppoſed actually to be 
done; and from that ſuppoſition, they pro- 
* ceed, ſtep by flep, till they. are led to a 
certain conclufion, From. which the com- 
1 poſition, or, in other words, the real 


" 


0! 


= i confirutt1on of the Problem ilſelf, may be 


performed. In reſolution, therefore, that 


« which is ſought, or required 16 be dont, is 


© taken for granted, or ſuppoſed to be found, : 


« er done; then we confider, what that ſup- 


* poſition correſponds with, or to what it has 


«© any immediate relation; after which, we 


again confider, what are the peculiar-pro- 
<6 per ties, of that former correſponding fiep: 


in this manner do wwe proceed, till at laſt 
, weare led, to ſome property already known, 
2 or ſome property, contained in thè common 


*« principles formerly demomſi rated. Sueb a 


2 proceſs as this, due call reſolution, er the 
. ſolution reverted, that is, as if the: ſolution 
35 Was. n in an ee, manner. 
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3 Apollonius Pergæus; and Atiſtæus ſe- i 
« nior;. and all proceed, ly tbe m bed of 
i cc. reſolution and compoſition, CR | 
5 The method of. reſolution th &. . 
0 
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s bsdtken, en the other” band, is fer- 

, formed in a contrary manner; for in it, 
4 ue fake that laft concluding Prep, which we 
fun in the former proceſs for granted: 
e then conſider, what are the conſequences | 

N ©. that flow from that" flep ; then, in the ſame 


% manner, as in the preceding proceſs, we 


—— Pep by Rep, in a juſt order, till, 
. laſt, "awe" naturally are led to the con- 


66 Manag yo of the problem required); and 0 
Ty is e geg ee "© 
RY | SN 40 Reſo- 
1 * To illuſtrate this, hy the following 
problem, which is the ninth e in 
the firſt book of Euclid. | 
77 biſeft a given right Bud abs; 

Let BAC be a given right lined 4 0 it 
„ to oi it, or to cut it into Ls 


equal parts. POO 5 
an 


. .. Suppoſc-it done, and let AF be the line 
"ing biſects the angle BAC, take any point 


in the line AB, as D, make AE equal to 
Ad, and join DE, about the center D, with 


the diſtance DE, deſcribe the circle EFG, 
«0805. 3 F 25 which : 
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which © culs AF: at vB; join the lines DF; FE. 


Then, becauſe AD is equal to ARE, and 


AF is common, and the contained angle 


DAF is equal to the contained angle EAP, 


therefore, by the fourth propoſition, the 
baſe DF is equal to the baſe FE; but DF 7 


is equal to DE, being radii; of the ſame 


circle, va the 1 PE is dau N 


1 5 ff 
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"COMPOSITION: 8 
Take an point in the line AB. * 5 


wake AE e to it, join DE, upon DE 5 


deſcribe the equilateral 
4 triangle DEF, and 1 we 
Ae; Ifaythe angle B 5 
„ biſe@ted with the Me . 
7 e AF. Becauſe the two | 
8 triangles ADF, AEF 
e babe the fide AD equal 
15 Je — 
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« pint, or feurcbing gfter any, truth, N 
* and is called ' ſpeculative « or theoretical * 


* 


85 baſe EF, 7 fides of. tha equilateral 
triangle, therefore, by the 8th propoſition, 
in the firſt. book, the angle DAF is equal 


to the angle EAF, ſubtending the equal 


_ tides: DF and EF, conſequently. the angle 
- BAC is biſected with the line AF, "wes | 
: 1 to * 3 


144 Hes we w—_ ae the Ds — 


. * and then proceed, firſt by a conſtruction, 
and then a demonſtration, from the antecedent 


principle in Euclid, until we find the tri- 
angie DEF to be equilateral, which finiſhes 
the reſolution, becauſe it lays open the pratii- 
cal rule for cumſtructing the problem itſelf, 
and this, is, what makes the compoſition.” And = 
1 bence it 18s, that, in the conftruftion, or cum 
0 Hofition, after the line DE is joined, upon it, 
aan equilateral triangle is made, and from | 


r dani 


er A tbe truth of the Sane on is mou 
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1 588 875 . 5 

N This part af the 1 was intro- 
_ duced A confiderable time, after the, i inven- 
. „„ 1 d tion 
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1 " the other is the rnveſligeting, or; as 5 
ing of any thing. which. is propoſed to be 


o = ford, e 2h this is called practi i 


"cal or problematical, | De 


J the theoretical or - ſpeculative Heier 5 

8 , 0 deten, That property whieh is the | 

40 (ubjett of our inquiry, is taken for granted | 
1 10 be true, or Juppoſed to exift, the conſe= 


e quence ee Follows from that ſuppojitian, 
« is alſo confidered- as a truth; we then reaſn 
e from dhe conſequence, to the next immediate 
ec follows, one, and in this manner, do. we 
. proceed,” ſtep by fed, until we arrive of 
* ſome fimple property: Tf this laſt conſequen- 
© fal property be true, the propofition, which 
1 apps the Jubjef? of our enquiry, is alſo truty 
* and tbe demonſtration of it, is performed; by 
it beginning with the laſt conſequential leg f 
* zbe- reſolution, which conſtituted the knows, 
&; property: we then proceed, in a reverſs. 
order, through all the fleps. made ut of. = 
. in the reſfolution,. which, at 2 conduct - 
8 ns 1 Ewe ns - * e Is | 
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tion of he Fry part aboremcaringd, which. 
was contrived, as Pappus informs us, _ 
for oy ſolution of — | 


EE «rio alin. bee Top 
2 55 "it the Feſolution, . which conſtituted be 
um proncipley.be falſe, then that, which 
— 7 5 Rs hs 16 le. 5 1 


2 * To tes this, we ſhall 3 * | 5 8 
| following theorem, which is. the firſt part 
of the third 8 in og fixth EM 
| or Eur lid. . 
If a wy A 5 ina nh be Kiſeched, 1 
" the line which biſetts the angle, cuts the baſe, . 
tben will the ſegments of the baſe, have the ane 
| proportion to one another, as the other Fave fides ED 
ef the triangle have. ; 
Let ARC be hh which has the 
angle BAC biſected _ the Hogs AD, _ 
let AD, cut the 
baſe BC at D; 1 5 55 05 0 
ay BD, has the as 
fame" proportion 
_ "DC: that EO Np. 
the fide AC. Let Hdo whe; proc BA, 
And cut a part of it, AE. N 
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ET es, 


B& 10 10 "AB, Pay 16 BA 0 A0, (oy Prop. 
„ lib. 5.) but as BA is'to AC, = i BD 
to DC, therefore, (by prop. 1 1. lib. 55 as 


B is to DC, ſo is BA to AE, whe 


by prop: Bali 6.) ADis Falles er £ 


; * 9 1 — 
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I 4 10 * 


7 N * 


19 * 7 hes ee eee 1 EC : 
9 1 ro AD, which is tri, Ae bun : 


the paim C, 4 line can bs drawn' porathl"to 
AD, (by prop. 31. lib. 1.) lieb line niht 
meet: with BA produced: becauſe the angie 
ADB in equal to ECD, (by prop. 19. l 1 


eu the ſum of the tun angles ADR AED is 
Ie than the ſum of two right angles, "(by 
Prep. 17. lib. 1.) wherefore'the fun of the 
_ 7ws angler ABD, ECD is Jeſs thun'the f 
of wo right angler, ge b Acer ; 
| 5 


Inet, BA, CE, ts 
| 825 12. lib. N 
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- angle AEC, 9 
Por the fame 
s DAG ks equal to * 


po Ja. DAC. (by. nec KF e 
the angle ACE is equal to the angle AEC, 
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"COMPOSITION. . 
1 the point 25 draw CE parallel to 


4D, which cuts AB; produced, ar E. 
= Theo, 1 1 AD. \ ! to EG, 


is equal: to the 
prop. 29. Hb. 1.) 


Feaſon the 1 N 5 5 


and conſequently (by Prop. 6, lb. *) the = 
fide: AC is equal wAE 
Again, becauſe AD is aa to EC, 
therefore, (by prop. 2. lib. 6.) as BD is 
to DC, fois BA to AE; but AE is equal to 
, ee 28 B i is to bas, 04 is BA 
40 f ene 6h | 
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 < propoſitions, which mathematicians call 
* r 80 e of them are © 


"* Þ walk rer 3 e proceed, cane thin T 
7 * "the: conſequentes that. follow. from\ong«qno- po 
ber, till we are led to Jome known —_ © 
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and from that, the demonſtration. is carried 


en ina reverſe order, until we prove the lines 


AC, AE equal to one another, which was the 
| Jr part,” in the confiruFion of the reſolution, 
and the next flep, to- That, e weak 1 5 
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_ Manns, in has 7 ye ths OR 
. ah in this manner: «The word datum 


4 ought to be defined, by cognitum and port- 


mon jorned. together, "or datum i, that 


ee which 1 15 both known and under flood, - IM 


e ju and true defection of the 12 
F A 


1 
5 - 
F if 5 
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* y 7 
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1 4 


. bn b ech * 
e ee e l . e 5 
1 ep in 5:7 Ss fu which conſtituted mw 
ile known- property, and ' by tracing be Prong 
bens of the "reſolution, in an inverted. | 
 . "order, we are naturally condufted to the |} 
5 eee e f the Fel os, 
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„ 8 can 45 avith iuflce 8 or Any: x 
be defined, by either of theſe words alone, 
« becauſe things may be known, which are nit 2 
4. Ander flood; and, 'reverſely, things may be 5 
"i underſtood, which are not known; but the = 
uud datum comprehends hoth, chat iim, 
. any thing, which is ſaid to be given, mu be VV 
_ | both known and under/tood, otherwiſe, it 
a cannot come under the ſenſe, of the word 
MN W or given: and for that reaſon, he 
bab in lis definition. | He alſo ſay,  _ 
? Ci * the who define it in the following manner, | 
ide A very good definition of it, though 
n ſo'good, nor ſo general, as that which 
d have already mentioned, viz. datum 
be, given, is that which we can find, or 
Hh © another equal to it: hence any thing, is 
= © * Jard ta be given, when ue can find ano- 
© ther thing equal to in ** of cy Pe 
= Ait =, „„ 
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1 Geomerriea, Pr in this manner 255 9 Ry 


e . * gre rd tl. 
ee, + which. confrituted v bj, 
<u prameiple, be ſuch, os cannot be performed, 


or done, in that caſe, what was +: coal 


5 4 fo 2 found. or done, it "impratticable.” 


oy, that anbichb it. called Dleriſo, by 


e Deturwination,. 3+ che. manner which 
10 explains to us, when, how, in what man- : 


* ner, or proportion, or lou many. ways, 
ee 4 problem. may be performed. Thi are 
«. therefore what rv an. eee 5 
"hy "ona. . . 
ue baoks- that have 3 e BY * 
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1 « ye x" Ya las. Geomerricis in- 
e ſtructis fuerit, qui Geometra vocari cup 
<* fructum colligere laboris ſui: aliquam. lib | 
% yiam paratam habere debet, cujus ope vim, 
& facultatem cujuſcunque cujus cumque 
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L C 10 er FE Blend _ ou ar . 5 
e, be who ban any ce Jn reaping ß 


„ wildantage, by the labour and trouble be bas == 


8 86. gone through, in acquiring the knowledge. 
e abeſe principles, cught to bade ſome 

Ws "method laid open to bim, by the affiftance 
* which, and. bis own genius, he may 

«. le enabled to acquire the knowledge, and 


ei ſcover the demonfiration of every geo- 


„ merrical propefition.” This method, be 
fas ® whatever it is, is called reſolution or 


analyſis, be then proceeds. and, in ſome mea- 
1 5 8 . common d noch reſolu- 
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« analyſis, ſeu reſolutio dicitur, & omnium 


<< Sonſenſu ita definitur. Aſſumptio quæſiti 


_ *'kanquam'concelfic, per ea, quae deinceps con- 
< fquuntur, ad aliquod conceſſum procedens. 
Regreſſus vero a conceſſo ad quæſitum Syn- 


en eu Compoſitio nominatur. Verum 


„ enim vero iſta definitio nihil "nobls certi 
© promirrit We: 553 5 | 


/ 


* 


be 
4 . 
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eee, 


* . Euclid's. three books of” Foriims: 4 Appol- 


Wh of Lines or Figures; Br tawo books u 
treat o the Loci, or place "of Plan's 


** the Loci ef Surfaces: Eratoſthenes' g 


A ilat of Pappus 8, «which we have already 


RL - I the definition of reſolution given by all Au- 
bis. cn definition 


appears to us n 


£ minatum finem SH ab Har eu 
e dem deſinitio nobis fecuru 


TY « mittere videtur, 


eee. bing died tenbvf — 
5 £ alſo. bite boaks-concerning"Tangents: 1 


55 © - lanius's-£400:;books concerning Inclinations. 
| - 


* his eight books of Conic Sections: Ars. | 
us ue boaks,: which treat of the Boci 
65 of Solids: Euclid's:t400-books" concerning 


88 books... concerning mean Proportionals. - 
' HEINE? 5 wohole number 0 books tbat 


5 44.5 "4 ; a 1 T P f 
8 1 8 — 2 
tion, witch 15 neither ſo general, nor ſo juſt, 
: 


mentioned, notwithflanding, be Jays, it is 


Tiber; and to this be himſelf objetts, though 

| „ c more 
mieren, He Jays,” Analyſim Eltur 
% noſtram nos ita definimus. Aſſumptio 
* quæſiti tamquam conceſſit, per neceſſa- 
* rias conſequentias ad certum et deter- 


in free 8 


s have alſo ment 
n Jernmas tobich they found nereſſary to add. 


. 6 


. Mee wrote uhr 7 ales is thirty 
5 255 eee eee GAA we full, for 


u number F caſes vf the different propo- 
fions, the" multitude” of the propoſitions, 
1 Joei and dioriſms, contained in carb book. 
ionei the number of the 


Nor is there any one propoſition, contal ned 
in theſe books, but what, fe the beſt of our 
e knowledge; we have e wore of in the 


1 TT * them. 


N 5 | 
Concerning Boer! D's ; Data, 


e The firſt book we made mention of, it 
40 -Eudlid's Data: which contains ninet 
128 theorems; the firſt twenty three ae 
« tions; treat of the properties of magin- 
« \rudes* in general; the twenty fourth, it, 
« concerning proportional lines, without any 
*, regord to their poſition.” The next fours 


L feent following propoſitions, treat of right 


Aar given in poſition; the next ten are, 
concerning triangles given in ſpecies, 


&« awitbout any regard to their pofition. The 


$6. next" ſeven Propefitions, are, concerning 


3 ö ws figures in general, 855 in 
| b Species 
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© fion. The next fix, treat of the praber- 
given 
1 in ſpecies,» applied ta right lines." \Ofi che 
o fue following, the firſt: treats: Hines, tbe 


14 * other four of triangular ſpaces; tbat the . 


« 1 o the ſquares, deſcribed upon 


4 the fades of . triangles, baue, « when taken. 


«ng certain manner, à given ratio ta.the 


% areas of tbe triangles themſelves.".: The 


& next ſeven. propoſitions, which end at tbe 


© ſeventy third, are concerning two paral- 
"00 


2 


lelograms, which, . from the. equality of. 


ee tbeir angles, or havi ng their angles given 


% in magnitude; babe a given rutio to one 


another; and in ſome copies the ſame pro. 
perties of triangles are added as \vonſe- 
© quences, or corollaries. .The next fu pro- 


e poſitions, that is, from the. ſeventy third 


to the ſeventy nintb, the firſt dave df theſe | 
treat of triangles; 'the other four are con- 
, cerning the properties of more than bur 
proportional lines Te three. following 


e treat of right lines, which. comprebend 
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editi on 


1 72% 
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, Wb Femaining eight. propoſitions, 46b5th 


. ip the bool; and make it confift of ninety 


 G\propofetrons; "demonſtrate properties of cir- 


: ele, | ether given in magnitude only, or 
given in poſition and magnitude, and con- 
. gerning rettang ler contained letween the 
1 ſogments of 'right lines, cut by the circle, 


ec and drawn from a given point, ubich 
*\ redfangles a are wit 85 l in IR Tu To. 
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Ae e 6, W Dothor- Gregery, 
in bis edition of Euclid's works,” it is ex- 


Preſſed tbus; tbe next three treat of to 
proportional lines which contain given 
faces. This is plainly corrupted, be- 


cauſe two right lines cannot be ſaid to be 


proportional lines; and the ſecond part is 
equally: abſurd... This the Doctor obſerves 


himſelf, in we e eee WA this POR 


8 1 £ LET 85 7 fs 7 1 2 
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bay * That circumſtance . N the parentheſis 
is from be. Halley's Edition of the Seffjone 
Ranch, which . theſe three propoſi- 
tions" better than the account Siven of Wem 
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.T bis 7 is the account. which Pappus gi ver 
of the . reſolution and comipoſition of; the 
8 and of the. Data e Euclid, . He 
.- then proceeds to explain, in the ſame manner, 
the contents of the. other books,.. already 


named, upon this ſubject: but, as theſe are 


foreign ; to our preſent purpoſe, we: ſhall. pro- 
ceed to confider the order of «he Data _uone 
minutely. ü a 


Dr. Gregory, in + bis Preface to. Euclid's 's 


i works, ſays, ©* that from Pappus's account. 
« of the. Data, it is plain they have,  fince 
his time, been corrupted : for that book 
. * did only contain ninety theorems, and now 
« we find it contains ninety froe.” The 
following order conſtitutes his divifiens.of the 
adilferent ſeries. .* The firſt fartyerght theo- 
« rems are found in the ſame order, and treat 
** of the ſame, things. which Pappus men- 
7 tions; the next. ſeven, to wit, from the 
_« forty ninth to the. fifty fifth, incluſtve, 
C are alſo as Pappus deſcribes, viz. concern 
ing right lined figures in general, given 
in ſpecies, without any regard to their 
© pofition; theſe ſeven Commandine has 
l omitted in bis Latin edition; the fix fol- 
* lowing, viz. from the fifty Arth to the 
. n firſt, incluſive, ** correſpond 


« to 
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der \&g e account; 2. alſo the "next 
gur; for tbe frft of theſe is concerning 


wy figurds deſeribel "upon - Th right” lines 


. hürh have a given ratio to one another; 
4% but in place of the other four there are 
* ve; from whence it appears, without 
all manner of doubt, that thoſe which 
are commonly reckoned the fixty fourth 
« and fixty fifth are no more than the two 
v different caſes of one and the ſame propo- 


* ftion: for the one is the ſame property of 


an acute angled triangle, that the other 


416, an obtuſe angled one: and hence, the 


n propoßtions are augmented one more in 


* number, than what they were in Pappus's | 
, Hime. The next- ſeven differ no other= 


wiſe from Pappus's deſcription, except 


«that the fixth or penultimate propoſition, 
ic rieb demonſtrates a property, of any right 

une figure whatſoever, and the laſt which 
<«" freats of a right angled parallelogram, 

* compared with another right lined figure. 


xc" Moreover; thoſe which are commonly rec- 


© konied-the ſeventy firſt and ſeventy ſecond, 


4 oi and in other editions, thoſe which are called 


*. the ſeventy fifth, and ſeventy flutb, ought, 
* by Pappus's account, to be corollaries to 


. — ſeries of Ps © becauſe, in 
2 1 +7 ref, | 


re ae CE 


* 


n 7 BEL . 
3 "> = tbeſe, the ſame things arg enuntiated,! und. f 
- e proved of triangles; which the former e- i 


© monſtrated of parullelggrams Hencr it 
is maniſeſt, tbat bere are four propofittons 
added to the number which Pappus men- 
* trons. Theſe therefore, togetber with 
ee the one we have already taken nauice of, 

e make the whole number ninety: five. From 1 

& thence it follows, that the laſt propoſition 

in the laſt mentioned ſeries, which conſti- 
8 OE putes, (according to Pappus,) tbe ſeventy 5 
third, is now the ſeventy eigbtb. A. 
% nmongſt the following theorems, (as Pap- 
pus ſays, ) rwo are concerning triangles ; 
% and four that treat of more than four pro- 
Fortional lines; whereas there are only 
three of the laſt mentioned propofitions to 
© be found in all the other editions. Pap- 

; pus, after thes, mentions three” theorems; 
concerning two proportional right lines, 
e qobich comprebend a+ given ſpace; bᷣus 
« bere are four found: In this, tbere i 
« unqueſtionably an error; for tuo rigbt 
* lines: cannot be ſaid to be proportional | 
lines: and moreover, either the: ſum, or 4 
* difference of theſe lines, or of the ſquares" - y 
* deſcribed upon them, are given. The lat 
0 red e . curreſpond 1 
2 1 ; cc Pappus's | 
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0 Pappus deſcription... And hence we have 
« . ninety theorems, if we mate thoſe which 
ce are commonly. reckoned-the fixty fourth 


** and fixty fifth one propoſition, and the 
«© .-1/t, 72d; 75th, and 76th, corollaries 


te the. preceding ſeries, as Pappus inti- 
mates, and take one from the four in the 


46. antepenultimate ſeries, and add one to the 


three contained in the penultimate ſeries, 


« in that caſe the Data would be reformed 
*.. to. Pappus's account. Me have, however, 
<iranged * the propofutions' in the ſame order, 

% in which they we Fe in our manuſcript ;, E 
&« for by altering that, order, the citations © 


20 of them from authors would be thrown 


into confufion. Le 


4 Thes is the Doctors account of the Data, L 
| byiawhich he endeavours to point out the 


errors introduced into the manuſcripts, and 


to Account for, and ſtate in their proper 
order, the ninety theorems mentioned by 


Pappus. The Doctor informs us, be bas 


corrected the errors in the Greek text in a 


great many places, and alſo thoſe committed 
yy Claudius Hardy in his Latin edition, 
tranſlated from Bernardo's Greek copy; 


and that be bas retained the figures which 


were in 80 manuſcript, and which H ardy 
a ggg b 4 Bad 


* 
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very remar a ly vitiated, nur from the. Ma- 
nuſcripts can he. reſbore it. He at laſt bas 


= bad wn TUE Soth theorem, be ſays: 1 


recourſe, to, the, modern anche, and endea- 


wours to give 4 general ſolution of. it, by 


biquadratick. equatic on... This 1s the ſubſtance 


of what the Deftor obſerves. concerning the 
Data, We cannot, however, agree with 
bim in his manner of making aut Pappus's 
ninety theorems, _ The Jength of the fixty 


firſt propefition, which includes the. firſt. ue 
| Ale. s, without doubt correſpond to Pap- 


pus's account, and we only differ from bim 
in the enuntiations of the 57th, 58th, and 

tb propoſitions, Becauſe, in that. ſeries, 
7 which confifts of fix propefitions,). Pappus 


5 expreſsly. ſays, they relate to parallelograms: 


and though he mentions ſpaces applied to right 
| lines, yet, from the whole, y when the nature 
of the conſiruction and demonſtration of. each 
propofition is confidered, and when theſe are 
compared 10 Pappus's account, it evidently 
follews, that the ſpaces there, expreſſed, are 


limited 10 parallelograms or triangles, other- 


| wiſe neither the conſtructions nor demonſtra- 
tions, there uſed, could prove the propefitions. 
That the ſpaces. applied to theſe. right-lines 
canngt be interpreted right lined. figures in 
- general 


2 ner 


' general is evident; becauſe the deminſtrations 
of theſe three, are by no means fimilar to thoſe 
uſed in tbe preceding ſeries, which are afpli- 
cable to all right lined figures whatſoever ; ; for 

tbe: firſt ſtep in each of theſe demonſtrations is 
 linuted"to parallelograms or triangles, and 
therefore, if theſe propoſitions extended to 


right lined figures in general, the demonſtra- 


tions there uſed are enter ſets; and the Propo- 
fittons are not proved, as we have obſerved in 
our note to the fifty ninth propoſition. For- 


this reaſen; we have altered the — | 


in theſe three propoſitions in this ſeries, 


Doctor | ſays tbe next five Propoſitions 5 


agrie with Pappus's account, only in place 


of the other four we find five: this error he 


corrects, | by ſuppofing the 64th and 65tb 
were originally one, becauſe, when confidered, 


they are only different caſes of the ſame pro- 


pofition.; and therefore, by joining them toge- 
tber be accounts for one of the Jupernumerary 
propefitions. ' That there is an error in the 
manuſcripis, concerning this fert es, is an evi- 


dent truth; but the Doctor, in our opinion, 


has not confiletith corrected it. Dr. Hal- 
ley, in bis account, ſeems to he nearer the 


truth, when he ſays, one of theſe is already 
wank to wit, the 49th; but, by Dr. Hal- 


3 reſpond.” 


( 

{ 

\ 
Ro 


ley's account, in place of ive we haus only 
four: therefore this correctiom does. not cor. 
reſpond to Pappus's account. Our opinion 
is, that, that which Dr. Halley ſays isa. 
ready named, is the 63d propoſition, in ibe 
other editions, and, at tbe Doctor obſerves, 
is, without doubt the ſame with the 4th, 
or, at leaſt, a corollary: to it: tbere fore, 
if this be taken away, and placed as à corol- 
lary to the 49th, which we have done, \ the 


ſeries, in that caſe, exactly correſponds to 


Pappus's narration. That this error 1s by. 

no means corrected by joining the 64th» and. 

65th in one, as Dr. Gregory mentions, is 
evident. For by that manner of correcting 
it we ſhould have the number, but not the 
propofittons: - Becauſe Pappus expreſsly ſays, 
the firſt is concerning figures deſcribed: upon 
right lines, which have à given ratio to ane 


another; the other four are, concerning tbe 


aifference of the ſquares deſcribed upon the 
different ſides of a triangle, compared to the 

triangle itſelf. And in that 64d propojitton, 
the difference of the ſquares deſcribed upon. the. 
triangle is not compared to the triangle, but. 


the ſquares themſelves are compared to it, 


which is no more than the 4 gil, viz. figures 
San in ſpecies, and deſcribed upon the ſame 
6 line, 


line, have a given ration to one another: 
and hence it is mani feſt, by Dr. Gregory's car= 
remtion, that we have the number, but not 
the prupofitions themſelves. On the contrary, 
if that 'propofition be taken away, the remain 
ing four are all concerning the difference of 


the ſquares deſcribed upon the fides of a tri- 
angle, compared to the triangle itſelf, which 
f agrees with Pappus's account, 


» The next ſeries, which, according to Pa p- 5 


pus,  confifts of ſeven propoſitions, and eleven: 


in the manuſcripts: This ſeries, is much more 


corrupted than any one, of the whole Data, 


except the enuntiations in the propoſitions in 


the penultimate ſeries, Dr. Gregory | ſays 


the error may be corrected in this ſeries, by 
making theſe four propofitions, which treat 


of triangles, corollaries to the others, which 
* demonſtrate: the ſame properties of parallele- 


grams," and which Pappus mentions were 


made corollaries to theſe propoſitions in this 


Series, Though that in ſome meaſure, may 
account for a part of the error, it by no means 


can correct the whole: The Doctor himſcl if 


obſerves, that the penultimate propoſition is 


concerning right lined figures in general: Tbis 


Propoſition thergfore cannot be one of the ſeven 


| prope» 


1 


n by Pappus; and indeed, when this 


. * 
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fr. opofition is confidered; it is the cath. e- 


peated,. with a d ferent demonſtration: This 


1 propofition therefore," is plainly ſpurious; "and 
cugbt to be cancelled, which we have done: 


by fo doing, the ſeries falls ſhort f Pappus's 
number by one; this ave have ſupplied; and 
that it is the propofition Pappus means, ap- 


pears from this circumſtance, that ſome add, 
. as corollarzes, the ſame pemperries of trianghes ; 


but what they make the 724 propofition; can- 
not be a natural Rf to any of theſe pro- 
perties of parallelograms, which they have 
tbere inſerted: Hence that propofition, 'whith 
proves the fame property of e e r 

which the y 2d dbes of triangles, is plainly the 


; end wanting : This therefore, muft be the 
70th propoſition according to Pappus's order. 


Though we' bave thus far corrected the error 


in this ſeries, by leaving out their 77th, and 
inſerting, in its place, this which was wanting 
ve have not completely corrected the error intro- = 
duced into this fertes; becauſe, in this caſe; all 
the familar properties of triangles, which are 


demonſtrated of parallelograms, are not to be 


Send among the other propyftions: Theſs we 
_ have likewiſe ſupplied, as corollaries to each 


Propgiition, to which they reſpectively belong. | 
ith an this feries Euclid demonſtrates, the 
conver ſe 


The PREFACE 


converſe of each in their regular rides hence 
the converſe of that which wwe have inſerted is 
wanting ; but, if ſupplied, it will make the 
fertes conſiſt of eigbt and not of ſeven, agree- 
alle to Pappus: to remedy that, e have 
made the converſe of our propoſition a. corol- 
lary to it, by which means it has two corol- 
laries-where the others have only one. It ts 
true, the Doclor obſerves, that, the laſt pro- 
. pofition in this ſertes, is particularly limited 
to à rectangle, which is compared to any rigbi 
bined figure, from which it is highly proba- 
ble, that this laſt propoſition is ſpurious, and 
added by fome other author fince Pappus's time; 
and that which conſtitutes the converſe of ours, 
and which we have made its firſt corollary, 
ought to be the 71/4 in Pappus's order. This, 
Aae ver, wwe cannot be ſo certain of, for 
 wbich reaſon we chuſe to retain that laſt one, 
28, it lands in the other copies. Thus far, 
_ then, have we corrected the Data to the 734 
b propoſition, and reduced them to the true order, 
in which they were laid down by Euclid bim 
ſelf, at leaſt, agreeable to that order, in which 
w are deſcribed by Pappus. 
The next ſeries, - which conſiſts of fox, viz. 
two of triangles, and four of more than four 
proportional lines, This ſeries, in all the 
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| _ copies, is corrupted: ta ways; for in Py 
of the firſt two, which'relate to triangles," we 
have three; the error, : howevery is obuious. 
Becauſe that which conſtitutes their 9th is 
an elementary propoſition,” and has no manner_ 
of connection with the Data, and conſequently 
15 Jpurtons ; ; this evidently appears from its 
enuntiation. Indeed, if we allow the firſt de- 
monſtration of the propoſition which follows it. 
to be Euclid's own, in that caſe, as Euclid Ws 
has: not: drmonſirated that property, in \bis 1 
Elements, he muſt have introduced it bere, by 
way of a lemma; which wwe have done. But, 
as the ſecond demonſtration of this propoſition 
's, by far, more juſt and elegant, (as ve \ 
have obſerved in our note to the lemma) it is 
conſequently more of the Euclidean ſtile, from 
which we conclude, that both this lemma, and 
the firſt demonſtration of that propofition, have 
been added fince Pappus's time. As Dr. A 
Gregory takes no notice of this error, oe 
cannot conceive huw he reconciled the firſt part 
of this ſeries, with the account given M it by 
Pappus; for i he allowed this lemma to be 
one of the propoſitions, in that caſe there will 
be three in the ſeries, which treat of triangles; 
whereas Pappus mentions only two: on the — | 
a other band, if he ſuppoſed the — pro- 
poſition i 
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poſition belonged tothe former ſeries, and'is 


one of abe number, which he ſays ought to be 
made à corullary to one of the propofittons in 


the former ſeries,” this, by no means can an- 


ſuer; becauſe that propoſition is concerning a 
triangle given in ſpecies, and conſequently, ts 
10 natural conſequence to any of them; and 
therefore cannot belong to the former — es, 
aud conſequently, muſt be the firſt of the two 
in this" ſeries; hence, by making it the firſt, 
and the other a lemma to the 7 5th, we com- 


plete the firſt part of this ſeries. And, as 


there is one wanting in the other part, which 
treats of more than four proportional lines, by 
configering the nature of theſe propoſitions, and 


the order which Euclid obſerves in bis pro- 


hortionals, both in his 6th and 7th books, we 
eafily diſcovered, both the propoſition, and the 
place it eught to be ranged in: for as the firſt 


16, If there be three right lines in one or- 
der, in continued proportion, and three 


lines in another order, likewiſe, in conti- 
nued proportion, and if the ratio of the 
extremes in each order be given, the means 


will alſo have a given ratio to one another; 
and, if the ratio of ape exe in one or- 
der, to one extreme in the other order be 


given, and alſo the ratio of the means to 
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one another be given, the other extremes 


will have to one another a given ratio. The | 


opoſition, which, according to Euclid's com- 
mon method, ought to follow this, is evidently 
tbe one we bave Supphed, viz. If there be 


four proportional lines in one order, and 


four in another order, and if the extremes 
in each order have a given ratio to another, 

each to each, and one of the means in each 
order have alſo a given ratio to one another; 
the other two means will likewiſe have a 
given ratio to one another; and if the 
means in each order have a given ratio to 
one another, each to each, and one of the 


extremes in each order have a given ratio to 


one another, the other two extremes will 


alſo have a given ratio to one another. 


This, 1 ſay, is the propgſition which naturally 
ought to follow the abovementioned one, and is, 
undoubted! „ the fourth which Pappus men- 
tions, and is wanting in all the copie... 

The next ſeries, which Pappus ſays confiſts 
of three propoſitions, that treat of two lines 
containing a given ſpace z but in all the copies 


eur are found. This ſeries is likewiſe cor- 


, rupted two ways; for, in the firſt place, they Y 


Have one more than there really was; and, in 


* the ſecong, they are all Helen n in fo 


Te PRE PAC E. 
far as, they all mention the word ſpace i in general, 
without particularly ſpecifying what kind of fi- 
gures are meant by thoſe ſpaces. And as tao lines 
can never properly be ſaid to comprehend a ſpace, 
unleſs it be a four-fided figure, and even that four- 


xlix 


| fided figure muſt be 4 parallelegram, otherwiſe it 


would be quite undetermined in its magnitude, 


This is enuntiating a propoſition in a more ambi- 


gucus and looſe manner, than any geometrician 
ever did; much leſs Euclid, who is ſo conſpicuous 
for his diſtinftneſs and preciſion. We have there- 
fore limited the ſpaces in the enuntiations of theſe 
propoſitions to parallolggrams or triangles, becauſe 
the ſame properties take place in triangular ſpaces 
that belong to parallelograms (by prop. 1 5. Euc. 
lib. 5 .) this therefore was certainly Euclid's 
meaning, as well as Pappus's. And by applying 
them to any other figure, all the demonſtrations are 
imperfect, and inconcluſive (as we have obſerved 
in our note to this ſeries). The demonſtrations, 
uſed in all the copies, not only reſtrick the figures 
to parallelograms, but to right angled parallelo- 
grams, which plainly proves our afertion, and 
that the enuntiations in the manuſcripts, are very 
much corrupted. © This Dr. Gregory obſerves ; 


but, as we have already mentioned, be has re- 


i courſe to a biquadratick equation, to correct the 
two laſt; whereas, if the Door bad corrected 


* enuntiations, and confined them to parallelu- 


C grams,: 


"Wb; * Di. FP R BFA CB: 
grams, or triangles, the correction would haue 
been much eaſier, and more agreeable to the na- 
ture of the Data, - as well as Euclid's methad 
of treating geometrical ſubjefts. Now, though 
it is evident, that one of the two laſt, is ſpu- 
* rious, and has been introduced into the Data © 
_ fince Pappus's time, it is, however, difficult to 
determine which of the two it is. But as that 
1 dich in the manuſcri pts is made the 4th, or 
| their 89th propoſition, is more ſimilar to the 
| ol her two, than the third, or their 86th propoi- 
| tion, we have therefore uſed it as the genuine 
| propoſition of Euclid, Dr. Halley appears to 
be of the ſame opinion: For, in his Appollonius 
| de Sectione Rationis, when he gives an account 
| of theſe three propoſitions from Pap pus; 10 Pap- 
pus's acccount, he adds bis own opinion in a pa- 
renthefis, which is ( quarum ſumma vel dif- 
61 « ferentia ſtatur, vel etiam differentia poteſta- 
* tum. Th:s differentia poteſtatum, cannat, 
in the ſmalleſt degree, relate to their 3d or their 
|  Bbth propgſition, and therefore muſt be che laſt, 
| or their: 87th, or our 824, which be here de- 
5 ſcribes: But, as this 3d, or their 86th, is a 
| trial Data, we have likewiſe inſerted it, with- 
| dex any number annexed to it, that the numbers, 
| according to Pappus's account, may not be in- 
| rerrupted. Hence, by. theſe correftions, which 
| "IM bave above obſerved, and the laſt W 
ö 5 
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the manuſcript copies, exacliy correſponding to 


Pappus' S account, we have thereby. ranged all 
the propofitions in Euclid's Data, into the order 


they originally were, agreeable to the deſcription 


of them by Pappus, and, as we have corrected 


the errors, introduced as well into the enuntia- 
tions as into the demon/irations, fince Pappus's 


time, we hope the candid Reader will in ſome 


meaſure allow it merits the title of Euclid! s 
Data reſtored. 


Dir. Gregory's deſign in this, as well as in 
all the other parts of Euclid's works, that are 


extant, was, to give a Greek and Latin edition 


in the literal ſenſe, according as they were found 
in the antient Greek manuſcripts, in the hbra- 


ries of the univerſity of Oxford. Therefore, 


it was by no means his bufineſs to invert the order 


of the propoſitions, in the ſmalleſt degree, nor yet 


to alter the expreſſions in their enuntiations, nor 


the nature of their demonſtrations; neither, in 


"this caſe, was it bis province to enter into a 
minute diſcuſſion of theſe errors, but only to give 


a general hint how ſome of them may be care 


- refted which he has done. As this was the 


nature of bis defign, he could not properly pro- 


ceed otherwiſe, though he was very ſenſible of the 


many errors. and carruptions, that have been in- 
troduced into the Data, fince Pappus's time, 


In this be ſucceeded, to the univerſal ſati faction 
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of the learned world, Our defign, as we have 
already obſerved, was of a very different nature, 


it vas with that view to correct all theſe errors, 


mentioned by the Doctor, and to reſtore their 


order, and to conform them to that, which 


Pappus deſcribes; that by ſo doing, we might 

have ſo valuable a work, which is the key of the 
analyſis of the Antients, in the ſame form in 
which Euclid himſelf wrote them, enuntiated 
with the ſame preciſion, and demonſtrated with 


, the ſame fimplicity, How far we have ſuc- 


ceeded, we leave to the determination of the 
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Ihe Reader is. deſired to correct the following Errors. 


JREFACE, Page ix. line 23. for double read quadruple. - 
P. xxxi. I. 20. for conceſſit r. conceſſi. P. xxxli. I. 3. r. 


conceſſi. DATA, Page 10. line 9. after C, read be given. 


P. 12. 1. 13. for the ſame, r. ſome. P. 19. I. 2. for BF r. CF. 
P. 30. I. 14. after wherefore r. the ratio. H 52. I. 5. for L 
r. N. P. 60. 1. 19. for FG, r. F. P. f. I. 7. for ſquare 
r. ſquares. P. 72. ſecond Citation, for Eyc. lib 1. r. lib. 6. 
P. 82. line 24. dele if. P. 87. l. 15. fof BC r. BD. P. 88. 
ſecond Citation, for Dat. 8. r. Dat. 3. P. 8 at the 
foot of the page for Prop. 35. r. Prop. 1. Euc. lib. 6. P. 97. 

Citation firſt for Prop. 19. r. Prop. 18. Ditto, line 29. for 
have, read has. P. 114. dele lines 27, 28, and 29; and in 
line 30, dele twice. P. 117. I. 10. for EF r. EH. P. 119. 
I. 15. for remaining FG r. remaining fide FG. Ditto, laſt 
Citation, for Dat. 1. r. Dat. 4. P. 120. line 7. for EG r. FG, 
and in 1. 9. r. have their angles given, and have a given ratio, 
Kc. P. 121. 1. 2. for AC r. AG. P. 123. I. 22. dele to 
Propoſition. P. 125. Citation 5. for Prop. 28. r. Prop. 5 

P. 126. 1. 27. dele to Propoſition 70. P. 144. 1. 20. for BC 


| end P. 163. 1. 2, for AE r. AB, P. 173. |. 13. for 
*. read PF. | 8 . | 
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"DEFINITIONS. 


4 N E 8, angles, Slam or A 
are ſaid to be given in magnitude, 
when we can find them; or others 
equal to them. : 
at A ratio, or proportion, is ſaid to be given, 
when we can find it; or another equal to it. 
3d. Right lined figures are ſaid to be given in 
ſpectes, when all their angles are given in magni- 
tude, and the ratios of all their 4 des are given, 
each to each, 

: 4th. Points, lines, and angles, are ſaid to be 
rider in poſition, when 8 always retain the 
Jams fituation. 

5th. A circle is faid to be given in magnitude 
whih its radius is given in magnitude. 

6th. A circle is ſaid to be given in poſition and 
magnitude, when its center is given in Poſitions 
and its radius is given in magnitude, 5 

th. Segments of circles are ſaid to- be gi 
| e . * _ contained in hm, 

B 


| poſe tion and magnitude, when the angles contained 


_ the given magnitude is taken away, the remainder 
3 equal to that other magnitude, That is, - 
2 B AB and D be two unequal magni 


another magnitude, by a given magnitude, when 
the given magnitude, added to the ſmaller, makes 


 =—|—— Zudes; and AB. the fmaller, and D 


= s ſaid to be 1 than C TP the given magnitude 
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and alſo the right lines that "_ their baſes, are 
given in magnitude. 

th. Segments of circles art ſaid to be given i in 


in them are given in magnitude, and the lines which 
form their baſes are given both. in Poſition * 5 
magnitude. | 

gth. A REBT 15 ſaid to be greater Sis a 
magnitude, by a given magnitude, when from it, 


tudes, whereof AB is the . 
and let E be a given magnitude, 


1 and let a part, as BC, be cut off tbe 
— greater AB, equal to the given 
E magnitude E; then if the remain- 


der AC be equal to the other magnitude D, the 


greater AB exceeds the n. D * the given 
magnitude E. 


roth. One magnitude i is ſaid to be faalier than 


the ſum equal to the other magnitude; that is, if 
1 'B AB and C be two unequal magni- 


G7 a given magnitude, and if BE, 
——. equal to D, be added to the ſmaller 
D AB, ſ that the ſum AE is equal 
to the other magnitude C, then AB 


0 


11th. 


F< 
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41th. One magnitude is [aid to be greater than 
* # a given proportion to another magnitude, by 4 
Y given magnitude; when from the greater magni- 
' Fude, the given magnitude being taken away, the 
proportion of the remainder to the other magnitude, 
is equal to the given proportion, or ratio: for in- 
Aance, let AB and C be two magnitudes, F a 
given magnitude, and D a given , E B 
ratio; if from AB a part be cuU . 
off, as EB, equal to the given © 
magnitude F, and if the ratio of 3 
the remainder AE, to the other —— — 
magnitude C, be equal to the 19 
given ratio D; then AB is ſaid to be more tban 
in a given properiion to C, by the n magni- 
Hide F. 
12th. One am is ſaid to be ſmaller than 
in a given proportion to another magnitude, by a 
given magnitude; when, by adding that given 
magnitude to it, the ſum bears a proportion to the 
other magnitude equal to the given proportion. 
For inſtance, let AB and C be two magnitudes, 


: D a given ratio, and E a given A 3 p 

magnitude, and let BF, equal —.— 
to E, be added to AB; if the © 
ratio of the whole AF to C „ 


be equal to the given ratio D; — — 
then AB is ſaid to be ſmaller ” 5 


than in a given proportion to C, by the given nag- 
nitude E. 


2 5 1 


n 2 
r 7 


a —— = 4 » 3 2 * * 
a ER Sad Tg — * ban * * — 22 e — 1 ** 2 
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13th. A right line is ſaid to be drawn down 
from a given point to a line given in poſition, 
when it is drawn, 10 as to make a Rue * 
with it. 
35 14th. A right line is ſaid to be drawn up from 
a given point to. a right line, which is given in 
pf tion, when it is drawn in ſuch a manner as to 
mate a given angle with it. 
15th, A right line drawn from a given point, _ 
parallel to a right line given in poſition, is ſaid to 
He in a contrary poſition with that line. 


PROPOSITION I. 


15 any two nene of the ſame had be given, 
- their ratio io one another is alſo given. 

'Let A and B be two given magnitudes. I 
ſay the ratio of A to B is given. For ſince A 


"i is given, a magnitude equal to it 
Def. 1. — can be found *, which let be C; 
of this. B © _ and becauſe B is given, a magni- 
| © - tude equal to it can be found, 
— _———— which let be D. Now becauſe A 
D 16. is equal to C. and B equal to P, 
b Prop. 7).  Wherefore® as A is to B, ſo is C 


uc. lb. 5. to Bz. but B is equal to D; wherefore as A is 
to B, ſo is C to D; but the ratio of C to D is 

found, and that is equal to the ratio of A to B. 
pbef 2. Therefore the ratio of A to B is given. There- 
ol chi. fore if any cs magnitudes of the ſame kind-be 

| 4 | * 
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given, their ratio to one another is alſo gen, 
which was to be rod. | 


— 


PROPOSITION II. 


= given magnitude has a given melia to 
2 other n that other magnitude is aijo 


tn A be any given magnitude, and let A 
have a given proportion to any other magni- 
tude as B. I ſay B is alfo given. 4 
Becauſe A is given, therefore one 
equal to it may be found, which 5 
let be C. And becauſe the ratio 
of A to B is given, wherefore a 
ratio may be found equal to it?, D 
which let be that of C to D). 

Then becauſe A has the ſame proportion to B 
that C has to D, and A is equal to C, therefore 
B is equal to Df; hence the magnitude D is *Prop. 14. 
found equal to Be; therefore B is given. ; 5 

Therefore, if a given magnitude has a given Pro- of this. 

portion to another magnitude, ' that other magni- 


| tude is alfo given; which was to be Sn 


. PROPOSITION 8 
7 there be any number of ende given, 


| that magnitude which is compounded of them alli, is 


 #lfo 28 


: | B 3 5 Let 
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| Let AB and BC be two given. magnitudes, 

I fay the magnitude AC, which js compounded 

DA of them, is alſo given. For ſince 4 
A is given, 2 magnitude may be | 

Def. 1. found equal to it®, which let be DE; 

T I and becauſe BC is given, a magni- - 

' tude can be found equal to it, which 

O et be EF. Then becauſe AB is equal 

| to DE, and BC to EF, the whole DF-is equal 

i Ax, 2. to the whole ACi; hence there is a magnitude 


Eh DF found equal to AC, wherefors * AC is 


of this. given. 
Therefore if there be any * of nent 
given, that magnitude which is componnded -of 


| \ them all, is alſo given, <vbich Was #0 be demon- 
= © eo | | 


PROPOSITION Iv. 


þ If from a given magnitude, a given magnitude 
j | be taken away, the Gs magnitude 1s «je | 
i K given. 
i Let the given magnitude AC be taken away \;Þ 
| 1 the given magnitude AB, I ſay the re- 
8 D | Al maining magnitude CB 1s given. For 

ö | ſince AgB is given, a magnitude equal 

| Def. | | to it maybefound', which let be DF; 

| of thi. EA C. and fince AC is given, let DE be 

" - found equal toit. Then becauſe AB 


"PTB is equal to DF, and AC to DE, the 


= Ax.3. remainder CB̃ is equal to the remainder EF®: 
5 Euc. lib. i. "I | 
| | . | | 
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then ſince EF is found equal to CB, therefore ; 


CB is given". # Def x, 
Wherefore, if from a given n., c. of ts, 
* was Jo be demonſtrated. ; 


3 V. 


- If any whole magnitude has a given proportion 
o its part, the ſame nagnitude will have a given 
proportion to the remaining part. 

Let AB be any magnitude, and ac a part 
of it, and let AB have a given proportion to 
AS. I {ay AB will alſo have a given PI A 

proportion to the remainder CB. For | | 
let DE be any given magnitude; and y“ 
becauſe the ratio of AB to AC is given, E % C4 | 
& ratio equal to it can be found®, which BJ «Def. 2. 
let be that of DE to DF. Then becauſe the f hi. 
ratio of DE to DF is given, and DE is given, 
wherefore DF is alſo given?. And ſince the v Dat. 2. 
whole DE is given, and the part DF given, 
therefore the remainder FE A is given, and 4 Dat. 4. 
- conſequently the ratio of pz to FE.* is given., Dat. 1. 
Now becauſe AB is to AC, as DE is to DF, 
by converſion it will bef, as AB is to CB, ſo Cor. 
is DE to FE; but the ratio of DE to. FE is Pike, gs 
_ given; . the ratio of AB to CB is 
given. 
* Therefore if any whole magnitude has a given 
proportion 10 one of its parts, it will have a given 


B 4 Pra- 


N 
- 


'Prop.17. AB is to CB as DE is to EF, by diviſion * it | 
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portion to the remaining part; which wat to be ; 
demonſtrated. 


Corot. From "OS proportion it lows; 
that if the proportion of any whole magnitude 
to one of its parts be given, the proportion of 
the parts to one another is given. For ſince 


Euc. lib. 5. will be, as AC is to CB, ſo is DF to FE; but 


the magnitudes DF and FE are given; where- 


Pat. 1. fore the ratio of DF to FE is given”, conſe - 


quently the ratio of AC to CB is given. 


* 


PROPOSITION VI. 


| Tk any number of magnitudes have a given pro- 
portion to one another, theſe magnitudes, when 
compounded, will havs a given proportion 10 each 
particular part. 

Let the magnitudes AC, CB have a EY 
proportion to. one another. I ſay the ratio of 
A] D the whole AB to either of the mag- 

nitudes AC, or CB is given. For 
let DE be any given magnitude, 
and becauſe the ratio of AC to CB 
C+ ix is given, wherefore“ a ratio may be 
found equal to it, and let that be as 
DE to EF. Then becauſe AC is to 
ch as DE is to EF, and the ratio of AC to CB 
is given, therefore the ratio DE to Ef is given; 
but DE i is given in * therefore EF is 


given 
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given i in magnitude *, and conſequently DF? is * Dar. 2. 
, given in magnitude. Since DF and FE are Dat. 3. 
both given in magnitude, the ratio of DF to 

FE is given. But becauſe AC is to CB, as * Dat. 1 
DE is to EF; by compoſition“, as AB is to e 18. 
CB, ſo is DF to EF; but the ratio of DF to Euc. IT 
EF is given, wherefore the ratio of AB to CB 
is given. In the ſame manner it 'may be de- 
monſtrated, that the ratio of AB to AC is 
given. 

Therefore, if there be any ade of cents 
which have a given proportion to one another, the 
ſum of theſe magnitudes bas a given proportion to 
each particular Part; which was to be demon- 
Htrated. 


PROPOSITION VI. 


FF any given magnitude be divided into two parts 
which have a given ratio to one another, each of 
* Parti are given in magnitude. 

Let AB be a given magnitude, divided into 
| the parts AC, CB, which have a given propor- 
tion to one another. I ſay each A C B 
of the parts AC, CB, are given os 
in magnitude, becauſe the ratio of AC to CB - 
is given, therefore the ratio of the whole AB 
to AC is givenꝰ; but AB is given, therefore Pat. 6. 
AC is given, and conſequently * CB js given. * Dat. 2. 

Therefore, if any given magnitude be divided into I 
hats Ws which have a given ratio to one another, 

each 


. Def. 2. 


of this. 


f Dat. 2. 


T Dat. 2. 


Pat. 1. 
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each of theſe parts are given in As which 
was to be demonſtrated. = | 


PROPOSITION VI. 


Magnitudes which have a given proportion to 
one and the ſame magnitude, have @ given propor- 
tion to one another, - 

Let A, B, and, C, be three magnitudes, and 
bot the r _ of A to B, as alſo the ratio of B to 
— — C; I ſay the ratio of A to 
A : C is given. For let D be a 
a 2 given magnitude. Then be- 
r cauſe the ratio of A to B is 
© given, a ratio can be found 


equal to 1t*, which let be that of D to E; 
therefore the ratio of D to E is given; but D is 


given in magnitude, wherefore E is alſo given 
in magnitude. Again, becauſe the ratio of B 
to C is given, a ratio can be found equal to it, 
which let be that of E to E, conſequently the 
ratio of E to F is given; but E is given in 

itude, 5 therefore F is given in magnitude. 
Then becauſe D and F are two given magni- | 
tudes, their proportion is given. But becauſe 
A is to B, as D is to E, and B. is to C, as E 
is to F; therefore by equality, as A is to C, ſo 


—_—_ is D to Fi; but the ratio of D to F is given, 
Pac w. . wherefore the ratio of A to C is given. 


Therefore, magnitudes which have a given pro- 


Portion to one and the ſame magnitude, have a given 


ro- 
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portion to one another; which was to be demon- | 
ſtrated. 


PROPOSGITION IX. . 


If two, or am number of magnitudes, bave 
a given proportion to one another, and if theſe 
magnitudes have à given ratio to a like number 
- of other magnituges, each to each, though not 
the ſame proportions with the former, all theſe 
other magnitudes will have a given ratio to one 
another. 
Let A, B, C, be magnitudes, whoſe ratios ' 


to one another are given, and let D, E, and 


F, be other magnitudes, whoſe 
ratios to the firſt magnitudes 
A, B, C, are alſo given. I B 
ſay the ratios of D, E, and F, — 

to one another are all Siven. L es Mw 
Becauſe the ratio of A to B is 
given, and the ratio of A to Di in given, thers- i Eypoc. 
fore the ratio of B 10 D is givenk. But the ratio « Pat. 8. 
of P to E is givenl, therefore the ratio of D to 1 Hypoth. 
E is given. Again, becauſe the ratio of B 5 
C is given, and the ratio of B to E is given, =Hypoth, 
therefore the ratio of C to E is given; but the « Dat. 8. 

ratio of C to F is given; therefore the ratio of E. 
to F is given?®. Allo ſince the ratio of D to E · Dar. 8. 
is given, and the ratio of E to F is given, where- 
fore che ratio of I D to F is given. 


" 


11 
5 


7 Bere- 


12 


of this. 
2 Dat, 6. 


EUCLIDs DATA: 
Therefore, if two, or any number of magnitudes, 
have a given ratio to one another, and if theſe bave. 
a given ratio to a like number of other magnitudes, . 

each to each, all theſe other magnitudes have a 


given ratio to one another s which was to be de- 
monſtrated. | 


PROPOSITION X. 


Fa magnitude be greater than in a given ratio 
to another magnitude, by a given magnitude, the 
ſum of the two will be greater than in a given ratio 
to the ſame magnitude, by a given magnitude. 
And if the two, taken together, be greater than 
in a given proportion to the ſame magnitude, by a 
given magnitude; then will the remainder be either 
greater than in a given ratio to the ſame magnitude, 
by a given magnitude; or the remainder, together 
with the conſequent, to which that ſame magnitude 
has a given proportion, is a given magnitude. 

Let AB be greater than in a given ratio to 
BC, by a given magnitude, which let be AD. 

I fay that AC, the ſum of the 
i x £0 * 
bled two, will be greater than in 
5 given ratio to BC, by a ied 
magnitude. For ſince AB is greater than in 
a given ratio to BC, by the given magnitude : 


AD, take away AD, then will the ratio of DB 
2 Def. 11. to BC be given?, conſequently 1 the ratio of 
DC to ICT is given; but AD is given in mag- 


nitude, 


| EUCLIDs. DA T A. is 
nitude, therefore AC is greater than in a given : 
ratio to BC, by the given magnitude ADT. Def. 11. 
Again, let the whole AC be greater than in of this. 
a given ratio to BC, by the given NE Aa 
AD. 1 fay the remainder | ; 
AB will either be greater A D V2 B C 
than in a given ratio to. 2 5 
' BC, by a given magnitude; or AB, together 
with the conſequent, to which BC has a given 
, ratio, is a given magnitude. For the given 
magnitude AD muſt either be ſmaller than AB, 
or greater than AB. And firſt let it be ſmaller 
than AB; take it aways then will the ratio of 
Dc to CB be given, and conſequently * the Def. 11. 
ratio of DC to DB is given; therefore“ the: 78 
ratio of DB to BC is given; wherefore AB is Dat. 8. 
greater than in a given ratio to BC, by the given 
magnitude AD. But if the given magnitude = Def. 11. 
AD be greater than AB, take Of this. 
away AD; then is the ratio A DD | D C | 
of DC to BC given“, and b ß Hi - 
inverſion the ratio of BC to CD is given; where- of this. 
fore * the ratio of BC to BD is given, that is the * Dar. 5. 
- remainder AB, together with the conſequent BD, 
to which BC has a given . is a eich 1 
magnitude. 12 „„ „„ | 
* . Therefore, if a mapnitude be greater 2 in a 
given ratio to another magnitude, by a given mag- 


1 nitude, &c. which was to be demonſtrated. 


--M 
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2 Dat. 6. 


ef 


PROPOSITION Xt. 


If a magnitude be greater than in a given ratio 
to another magnitude, by a given magnitude the 
fame magnitude will be greater than in a given ratio 
to the ſum of the two, by a given magnitude ; and 

i that magnitude be greater than in a given ratio 
to the ſum of the two by a given magnitude; it will 
alſo be greater than in a given ratio to-the remain- 

der by a given magnitude. Fe 

Let AB be greater than in a given ratio to 
BC, ad a given magnitude as AD: I ſay the 
| 3 ſame magnitude AB will be 
A E ü D -# greater than in a given ratio 

„ „„ by a given 

magnitude; becauſe AB is greater than in a 
given ratio to BC, by the given magnitude 
AD; take away AD, then is the ratio of DB 

y Def. 11. to BC given?, and by inverſion, the ratio of 

of this. BC to BD is given, conſequently * the ratio of 

DC to DB is given; and as DC is to DB, ſo 

let AD be to DE; but AD is given, wherefore 

Pat. 2. DE is given, and conſequently AE“ is given. 

> Dat. 4. And becauſe DC is to DB, as AD is to DE, 
<Prop. 12. therefore © as DC is to DB, fo is AC to EB, 

Euc. lib. 5. wherefore the ratio of AC to EB is given; and 
by inverſion, the ratio of EB to AC is given; 

but AE is a given magnitude, therefore the 
magnitude AB is greater than in a "Sven. ratio 

« Def. 11. to the whole AC, by a given magnitude*. 

of this. Again, 
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Again, let AB be greater than in a given 
ratio to AC, by the given magnitude AE. I 
ſay the ſame magnitude AB, ES 
is greater than i in a given ra- 2 7 3 1 © 
tio to the remainder BC, by 
a given magnitude. For becauſe AB is greater 
than in a given ratio to AC, by the given mag- 
nitude AE; take away the given magnitude 
AE, then is the ratio of EB to AC given“, Def. 11. 
and conſequently the ratio of AC to EB is given. I” 
As AC is to EB, ſo let AD be to DE; where- 
ny the ratio of AD to DE is given, and 

f therefore the ratio of AD to AE is given; M and Dat. 5. © 
by inverſion the ratio of AE to AD is given; 
but AE is given; therefore * AD is given, * Dat. 2. 
and conſequently ED is given. Again, be- Dat. 4- 
eauſe AC is to EB, as AD is to DE, therefore 
as AC is to EB, fo is the remainder DC, to Prop. 19- 
the remainder DB, — the ratio of Hue. ib 5. 
DC to DB is given; wherefore k the ratio of DC * Dat. 5. 
to BC is given, and hence the ratio of BD to | 
BC is given!, but AD is given; wherefore AB Dat. 8. 
is greater than in a given ratis to the remainder 
BC by the given magnitude AD. | 

Therefore, if a magnitude be greater than in a 
given ratio to another magnitude, by a given mag- 
itude, &c. which was to be demonſtrated, 
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PROPOSITION XI. 


, there be thre fuch magnitudes, * if the * 
ef the firſt and ſecond be given, and the ſum of the 
' ſecond and third be alſo given; then will the jrjt 


'- be either equal to the third, or one of them will ex- 


ceed the other by a Fiven magnitude. 


Let AB, BC, and CD, be three magnitudes, 
"and let AC, the ſum of the firſt and ſecond, 
D be given, and BD, the ſum 
of the ſecond and third be 


4 © 


— 


| | 


Fa 
is wn AE BC D 


given. I ſay the firſt AB is 


either equal to the third CD, or one of them 
exceeds the other by a given magnitude; for 
AC muſt be either equal to BD, or not; firſt 
let AC be equal to BD, take away BC from 
both, and there will remain AB equal to CD. 
Again let AC be not equal to 
1—j—— BD; let AC be the greateſt, cut 

: a part of it as EC, equal to BD; 
then becauſe BD is given, therefore EC, which 
is equal to it, is alſo given; but AC is given, 
wherefore CE is given®, and conſequently AC 


exceeds BD, by the given magnitude AE. 
Therefore, if there be three e &c. 


which was. to be 


nn. 
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PROPOSITION XII. 


* Tf there be three magnitudes, and if the Int bas 
4 given ratio to the ſecond, but the ſecond is more 
than in a given proportion to the third, by a given | 
magnitude ; then will the firſt be greater than in a 
given ratio to the third, by à given magnitude. 
Let AB, CD, and E, be three magnitudes, - 
and let AB have a given ratio to CD; but CD 
is greater than in a given ratio 
to E, by the given magnitude | 
CF. I fay the firft AB is alſo 2h 0 
greater than in a given ratio to | 
the third E, by a given. mag- I 
nitude. For ſince the ratio of 5 96 
AB to CD is given, the ratio B| D ” 
of CD to A; is given, and CF 
is given, let it be as CD is to AB, ſo is CF to 
AG; then' is the ratio of CF to AG given; 
but CF is given, therefore AG is given. = Dat. 2. 
Again, becauſe CD is greater than in a given 
proportion to E by CF, take away CF, and the 
ratio of FD to E is given®. And becauſe CD · Def. tn, 
is to AB, as CF is to AG, therefore FD will of this 
de to GB, as CD is to ABP; but the ratio of Pro 
CD to AB is given, therefore the ratio of FD ue. lib. 5. 
to GB is given, and conſequently the ratio of 
GB to FD is given; but the ratio of FD to E 
is given, wherefore d the ratio of GB to E is 4 Dat. S. 
given; but AG is a given magnitude, where- 
C - ' _ fore 


1 


I 


—— "ew! 
— — 


rer 


eee Cat” 2 K „ͤ%„. — . r eee LL A 


r Def. 11. 
of this. 


EUCLIDs DATA: 
fore the firſt AB is greater than in a given ratio 
to the third E, by a given magnitude. 

Therefore, if there be three magnitudes, and if 
the firſt bas a. given ratio to, the ſecond, but the 


ſecond is more than in a given ratio to the third, 


by a given magnitude ; z then will the firſt be greater 


than in a given ratio to the third, \by a given me” : 


nitude; wle was to be ms. 70 


F 


PROPOSITION XIV. 


1 any two magnitudes have a garen ratio 0 one 


another, and if given magnitudes be added to each 
of them; the whole will either have a given pro- 
portion to the whole, or one of them will be more 
than in a given ratia to the other, by a gives 
magnitude. 


Let AB and CD be two magnitudes, which 


have a given ratio to one another, and let the 


A B 6 k given magnitudes BE, DF, 
— — be added to them, each to 
C D F. each. I ſay the whole AE 


will either have a given ratio 
to the whole CF, or one of them will be greater 
than in a given ratio to the other, by a given 
magnitude. For, ſince the magnitudes BE and 
DF are each given, the ratio of BE to DF is 


Pat. 1. given', and the ratio of AB to CD is given. 


Now the ratio of AB to CD muſt either be equal 
to the ratio of BE to DF, or not. Firſt, let 
them be equal; then, vecuule AB is to CD, as 
BE 
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BE is to DF, it will bet, as AB is to CD, fo Prop. 12. 


is AE to BF; but the ratio of AB to CD is Euc.lid.s. 
given, therefore the ratio of the whole AE to 

the whole CF is given. But if BE be not to 

DF as AB is to CD, let AB be to CD as BG is 

to DF; but the ratio of AB to CD is given, 
therefore the ratio of BG to FD is givens but 
DF is given, wherefore BG is pron” ; but BE » Dat. 2. 
is given, therefore GE is given“. Again, be- » Dar. 4. 
cauſe AB is to CD, as BG is to DF, therefore, 

*as AB is to CD, ſo is AG to CF; but the ratio Prop. 12. 
of AB to CD is given, therefore the ratio of Euc. lib. 5. 
AG to CF is given; but GE is given, there- 

fore 7 the whole AE is greater than in a given 7 Def. 11, 
ratio to CF, by the given magnitude GE. of this. 

' Therefore, if any two magnitudes have a given 

ratio to one another, and if given magnitudes be 

added to each of them; the whole will either have 

a given proportion to the whole, or one of them 


will be more than in a given ratio to the other, by 


a given magnitude; which was to be demonſtrated, 


"PROPOSITION XV. 


77 any two magnitudes have a given ratio to one 
another, and from them given ma gnitudes be taken 


away, the remainders will either have a given ratio 


to one another, or one of them will be greater than 
in a given prop Porrion fo the other, by a given .- 


| nlnde. 


5 On _ 


f 
| 
| 
{ 
| 
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( 
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Let AB and CD be two magnitudes, which. 
have a given ratio to one another, and let the 
x "tn gz two given magnitudes AE 
—— and CF be taken away; I 
G ſay the remainder EB has 

LF 7; either a given radio to'the 
remainder FD, or the one is 


greater than in a given ratio to the other, by 

a given magnitude. For AE muſt either have 
: the ſame ratio to CF that AB has to CD, or 
not. And firſt let it be the ſame. Then be- 
cauſe AB is to CD, as AE is to CF, the re- 
ſidue EB will be to the reſidue FD, as the 
9. whole AB is to the whole CD; * but the ratio 
55 of AB to CD is given, therefore the ratio of 
the remainder EB to the remainder FD is given. 
1 — let AE have not the ſame ratio to CF, 
that AB has to CD. Then let AB be to CD, 
as AG is to CF, wherefore the ratio of AG to 
CF is given; but CF is given, therefore AG is 
given; but AE is given, wherefore EG is 
| . given? Again, becauſe AB is to CD, as AG 
is to FC, therefore the remainder GB is to the 
. remainder FD, as the whole AB is to the whole 


"RO os. , 
RS,” 


9. ODe; but the ratio of AB to CD is given, 


. the ratio of GB to FD is given; but 
EG is given, wherefore EB is greater than in a 
ow: ratio to FD, by a given magnitude. 

T, berefore, if two magnitudes bave a given 42 
ratio to one another, and from them given magni- 


tudes be taken o_—_ the remainders will either 
5 have 
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bave a given ratio to one another, or one of them 


will be greater than in a given proportion jo the + 


other, by à given ns Inte a wobich was to be 
| 2 


PROPOSITION XVI. 


If any magnitude his a given proportion to ano- 
ther, and if to the one a given magnitude be add- 
d, and a given magnitude ſubtrafted from the 


other, that ſum will be more than in a given ratio 


to the remainder, by a given magnitude. 


Loet AB and CD be two magnitudes, which 
have a given ratio to one another, and to AB 
let the given magnitude 3 os 


AE 'be added, and from 8 
CD the given magnitude 

CF ſubtracted; I fay that © F 
Ez will be more than ina 
given ratio to FD, by a given magnitude. For 
as AB is to CD, ſo letAG be to CF. Then be- 
cauſe the ratio of AB to CD is given, therefore 
the ratio of AG to CF is given; but CF is 


W 
1 


* 


21 


given, therefore * AG is given; but EA is 2 Dat. 2. 
given, therefore EG * is given. Again, becauſe Dat. 3. 
A is to CD, as AG is to CF, wherefore f f prop. 19. 


GB is to FD, as AB to CD; but the ratio of ® Euc. lib.s, 


Az to CD is given, wherefore the ratio of G8 
to FD is given; but EG is given, conſequently 


5 EB is more than in a given ratio to FD, by r Def. 11. 
of 


on BO magnitude EG. 
C3 T, den 


d 
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| | | Therefore, if any magnitude has a given proportion 
to another, and if to the one a given magnitude be 
added, and a given magnitude ſubtracted from the 
other, that ſum will be more than in a given ratio 


to the remainder, by a given magnitude; WOW Was 
to be demonſtrated. 


PRO POSITION XVII. 


tuo magnitudes be each more than in a given 

ratio to a third, by a given magnitude, theſe mag- 

nitudes will either have a given ratio to one ano- 

ther, or the one will be more than in a given ratio 
to the other, by a given magnitude. 

Let AB and DE be two magnitudes, which 

| | are each more than in a given ratio to the third 


| magnitudeC, by the given mag- 
| — 4 55 * nitudes AF and DG; I ſay AB 
8 has either a given ratio to DE, 


5 or one of them is more than in 

3 a given ratio to the other, by a 

2G; 2 given magnitude, Becauſe AB 

is more than in a given ratio to 

C, by AF, take away AF, then is the ratio of 

» Def, 11. FB to C given®, for the ſame. reaſon the ratio 

of this. of GE to C is given. Then becauſe the ratios 

” of FB to C, and GE to C, are each given, 

i Dat. 8, wherefore the ratio of FB to GE is given. 

Since the ratio of FB to GE is given, and to 

them are added the given magnitudes AF and 
| 


i ven 
13 p bs. "8 
\ $4 EIT 
1 . p * ' : Ky 
* 1 
| : 


E Dat, 14. DG, wherefore * the whole AB has either f 
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given ratio to the whole DE, or the one is more 
chan in a given ratio to the other, by a given 
magnitude. : 

' Therefore, if two magnitudes be each more than 
in a given ratio to a third, by a given magnitude, 
theſe magnitudes will either have a given ratio 
to one another, or the one will be more than in a 
given ratio to the other, by a given magnitude; 
which Was 5 be demonſtrated. 


PROPOSITION XVIII, 


If one magnitude be more than in a given ratio 
to two other magnitudes, by a given magnitude, 
theſe magnitudes will either have a given ratio to 
one- another, or the one will be greater than in a 

given ratio to the other, by a given magnitude. 
Loet AB, CD, be two magnitudes, and EF 
a third, and let EF be more than in a given 
ratio to AB and CD, by the 
given magnitudes EG, EH; 
I fay that AB, CD, will ei- 
ther have a given ratio to one 
another, or "the one will be 
more than in a given ratio to 
the other, by a given magni- 
tude. For ſince EF is greater than in a given 
ratio to AB, by EG, take away EG, then will 
the ratio of GF to AB be given®. For the ſame * Def. 11, 
| reaſon the ratio of HF to CD is given. Let of this. 
GF be to AB, as EG is to BK; and as HF 
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| 5 ry is to CD, fo let EH be to DL. Then becauſe. 
| the ratio of GF to AB. is given, therefore the 
1 ratio of EG to BK is given; 


| 

ö 

| | Dat. 2. 7 — but EG is given, therefore 

| BK is given. And ſince GE 

F as EG is to BK, 

f =Rrop.12. 58 wherefore “ as GF is to AB, 
Euc. — 5 1 ſo is EF to AK; but the ratio 


of GF to AB is given, where 
fore the ratio of EF to AK is given. For the 
. ſame reaſon the ratio of EF to CL is given, 
| » Dat. 8. Wherefore ® the ratio of AK to CL is given; 
| — but KB and DL are each given magnitudes; 
hence from AK, CL, which have a given ratio 
to one another, given magnitudes BK, DL, are 
0 Dat 15. taken away, wherefore * the remainders AB, 
| CD, will either have a given ratio to one ano- 
| | ther, or the one is more than in a given ratio to 
| the other, by a given magnitude. M7 + 
| Therefore, if one magnitude be more than in a 
| given ratio to two other magnitudes, by a given 
magnitude, theſe magnitudes will eitber have a 
given ratis to one another, or | the. one will be © 
greater than in 4 given ratio to the other, by 4 
given W ; which was to be pri 


PROPOSITION XIX. 


If there be three 3 and if the bl be 
greater than in a given ratio to the ſecond, by a 
given magnitude, and the ſecond is greater than in 

EE Oro Oo 1 
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a given ratio to the third, by a given magnitude, | | 
the firſt will alſa be greater than in a given ratio 
to the third, by a given magnitude, 

Let AB, CD, and E, be three magnitudes, 
and let the firſt AB be greater than in a given 
ratio to the ſecond CD, by the 4 9 
given magnitude AF, and let the | GE 
ſecond CD be greater than in a K. gh: | 
given ratio to the third E, by the H | 
given magnitude CG; I fay the | 
firſt magnitude AB is more than 
in a given ratio to the third E, BI DI E 
by a given magnitude. For ſince AB is more 
than in a given ratio to CD, by the magnitude 
AF, take away AF, and the ratio of FB to 
CD is given ꝰ. Alſo, becauſe CD is more than » Def. 11. 
in a given ratio to E, by the given magnitude of this. 
CG, therefore the ratio of GD to E is given. 

Let FB be to CD as FH is to CG, then is the 

ratio of FH to CG given; but CG is given, 
therefore FH is given; but AF is given, 4 Dat. * 
wherefore AH is given. Again, becauſe FB - Dar. z. 
is to CD, as FH is to CG, therefore HB is *Prop. 19. 
to GD, as FB is to CD; but the ratio of FB uc. lib. 5. 
to CD is given, wherefore the ratio of HB to 

GD is given; but the ratio of GD to E is given, 
wherefore * the ratio of HB to E is given; but Dat. 8. 
AH is a given magnitude, conſequently the 

firſt AB is more than in a given ratio to the 

third E, by the ” magnitude AH. 


wer 50 


lf 
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| | N Therefore, if there be three magnitudes, and if 


the firſt be more than in a given ratio to the ſecond, 
by a given magnitude, and the ſecond is greater 
than in a given ratio to the third, by a given mag- 
mtuae, the firſt will alſo be greater than in a given 
ratio to the third, by a given as os -which 
was to be demonſtrated. | 


— — — _ 


1 

| This propoſition is Jenonfivoted vel in the 
following manner. 

| | Let AB be more than in a given ratio to CD, 
by the given magnitude AF, take away AF, 
| A and the ratio of FB to CD is 
1 v Def. 11. given“. Then becauſe FB has a 
| of ms... | C given ratio to CD, and CD is 
j WW. more than in a given ratio to E, 
i . by a given magnitude; therefore, 
| „Dat. 13. the firſt FB to the third E, will 
Bly] be more than in a given ratio, by 
= a given magnitude, which let be 
| | » Def. 11. FG, take away FG, and ” the ratio of GB 
| of this. to E is given; but becauſe AF is given, and 
1% z Dat. 3. FG given, therefore the whole AG * is given, 
| | wherefore the firſt AB is more than in a given 
1 vy Def. 11. ratio to the third E, by a given magnitude. ). 
| | of is. Therefore, if there be three- magnitudes, and 
| if the firſt be more than in a given ratio to the 


ſecond, by a given magnitude, and the - ſecond is 
greater than in a given ratio to the third, by a 
given magnitude, the firſt will alſo be greater than 
in a given ratio to the third, by a given magnitude; 
 evhich was to be demonſtrated. P R Q- 
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PROPOSITION XX. 
If from two given magnitudes, two magnitudes, 
tobich have a given ratio to one another, be taken 
away, the remainders will either have a given ra- 
tio to one another, or the one will be more than in 
a given ratio to the other, by a given magnitude. 
Loet AB and CD be two given magnitudes, 
and let AE and CF, which have a given ratio 
to one another, be taken from them; 
I ſay the remainder EB, will either 
have a given ratio to the remainder 
FD, or the one will be more than in 
a given ratio to the other, by a given 
magnitude, For ſince AB and CD 
are given, the ratio of AB to CD is D 
given, wherefore the ratio of AB to CD will v Dat. 1. 
either be equal to the ratio of AE to CF, or 
not. And firſt let them be equal: then becauſe 
AB is to CD, as the part AE to the part CF, 
the remainder EB is to the remainder FD, as 
Ag is to CD?; but the ratio of AB to CD is - Prop. 19. 
given, conſequently the ratio of EB to FD is Euc. lib. 5. 
given. i 
But if AB be not to CD, as AE is to CF, 
let AG be to CD, as AE is to CF; but the 
ratio of AE to CF is given, wherefore the ratio Hyp. 
of AG to OD is given; but CD is a given mag- 
nitude, therefore AG is given; but the whole » Dat. 2. 
AB is given, conſequently GB. is given. A- « Dat. 4. 
| To gain, 
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gain, becauſe AG is to CD, as AE is to CF, 

Prop. 19. wherefore® EG is to FD, as AG is to 
Euc. lib.s. A CD; but the ratio of AG to CD is 
| © given, wherefore the ratio of EG to 

ET { FDis given; but GB is a given mag- 
Def 11. L FI nitude, therefore © the remainder EB 
of this. is more than in a given ratio to the re- 
B D| mainder FD, * he given magnitude 

GB. 


Therefore, if from two given magnitudes, two 
magnitudes, which have a given ratio to one ano- 
ther, be taken away, the remainders will either 
have a given ratio to one another, or the one will 
be more than in a given ratio to the other, by a 


given magnitude; which was to be demonſtrated. 


PROPOSITION XXI. 
Tf to tuo given magnitudes, magnitudes be added, 


having a given ratio to one another, ' the ſums will 


either have a given ratio to one another, or the | 
one will be more than in a given ratio to the wa, 


by @ given magnitude. 


to the other, by a given magnitude. 
: Das 1. is given". Then will the ratio of AB to CD 


Let AB and CD be two given | magnitudes, 
and to them let AE, CF, having a given ratio 
to one another, be added; I ſay the whole EB 
will either have a given ratio to the whole FD, 
or the one will be more than in a given ratio 
For ſince 
AB and CD are given, the ratio of AB to CD 


be 
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be either equal to the ratio of AE to CF, or 
not. Firſt let them be equal: then becauſe AB 
is to CD, as AE is to CF, where- We | 
fore® Ab is to CD, as EB is to FD; |* pj Prop. 12. 
but the ratio of AB to CD is given, |, | | Euc-libs- 
wherefore the ratio of EB to FDM | Ae 
given. | ö 

But if AB be not to CD, as AE 7 1 = 
to FC,.let AG be to CD, as AE 
is to FC; Dat the ratio n oo. | 
FC is given®, wherefore the ratio _ > Hyp. 
of AG to CD is given; but CD is a given mag - 
nitude, therefore AG is given; but AB is given, i Data. 


therefore the remainder GB is given k. Again, Dat. 4. 


becauſe EA is to FC, as AG is to CD, where- 


fore! as EA is to FC, fo is EG to FD; but prop. 12. 


the ratio of EA to FC is given , therefore the _ lib. 5. 
ratio of EG to FD is given; but GB is a given 
magnitude, wherefore the whole EB is more = Def. 11. 
than in a given ratio to the whole FD, by the of this. 
given magnitude GB, T3 8 
Therefore, if to two given magnitudes, magni- 

tudes be added, having a given ratio to one ano- 
ther, the ſums will either have a given Patio to one 
anotber, or the one will be more than in a given 

ratio to the other, by a given * Wr 
was to be denenfirates. | | 
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PROPOSITION XXII. 


If two magnitudes have each a given ratio to 
third, their ſum will alſo have a goes ratio to 
Izbe ſame third. 

Ul! | Let AB and BC be two meta: which 
if have each a given ratio to a third D; I ſay 1 


a6 ſum AC will alſo have a given ratio 
to D. For ſince the ratio of AB t 
D is given, and the ratio of BC to D 
* Hyp. B is likewiſe given, therefore? the ratio 
ye el. of AB to BC is given, and conſe- 
© Dat. 6, © I D quently * the ratio of AC to BC is 
given; but the ratio of BC to D is given, 

r Dat. 8. wherefore of AC to D is given. 

5 Therefore, if two magnitudes have each a given 
i ratio to a third, their ſum will alſo have à given 
1 ratio to the = third; which was to be demonſrated. | 


it 4 PROPOSITION XXIII. 


Fa le e has a given ratio to another 
whole, and the parts of the one have alſo given 
ratios to the parts of the other, each to each, 
though they are not the ſame ratios with the former, 
then will the parts have each given ratios to their 
reſpettive wholes, and to one another, and all to 

all. 

Let the whole AB „ a given ratio to the 
whole CD, and let the part AE * a given ratio 

to 
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to the part CF, and the part EB to the part FD, 
though not the ſame ratio with that of AE to 
CF; 51 fay the parts AE, EB, will , 
each have a given ratio to the whole -| 
AB, and to each other, and all will . | © 
have a given ratio to all, For let AE E 
be to F. as AG is to CD; but the _| FT 
ratio of AE to CF is given', where- e Hyp. 
fore the ratio of AG to CD is givenz g| 
but the ratio of AB to CD is given, 
therefore © the ratio of AG to AB is given, ind t Dat. 8. 
conſequently ” the ratio of AB to GB is given. Dat. 5. 
Again, becauſe AE is to CF, as AG is to CD, 
therefore AE is to CF, as EG is to FD; but » Prop. 19. 
the ratio of AE to CF is given, wherefore the Eur. Hh.5. 
ratio of EG to FD is given; but the ratio of 
EB to FD is given, therefore * the ratio of EG = Pat. 8. 
to EB is given, and conſequently the ratio of v Dat 5. 
EB to BG is given; but the ratio of BG to AB is 
given, therefore* the ratio of EBto AB is given, = Dat. 8. 
and conſequently * the ratio of AE to EB is - Cor. Dat. 
given. Again, ſince the ratio of AE to AB 5: 
is given, and the ratio of AB to CD is given, 
therefore the ratio of AE to CD is given; but 
the ratio of AE to CF is given, therefore“ wy v Dat. 8. 
ratio of CD to CF is given, Cc. 

Therefore, if a whole magnitude has a given 
proportion to another whole magnitude, and the 
parts of the one have alſo given ratios to the parts 
of the other, each to each, though they are not the 
Same ratios with the former, then will each of the 

2 parts 


Enc. Bb. S. and F is given becauſe the two lines D and F are 
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at. 7 therefore the ratio of D to Ei is given'. Againk, 
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parts have gi ven ratios to their reſpective wholes, 
and to one another, and all to all &c. which was 
to be demonſtrated. | 


% +, 


PROPOSITION XXIV. 


F there be three right lines in ae pro- 

Portion, and if the ratio of the firſt to the third 

be given, the ratio of the Nl. to the omg: is alſo 
en. 

5 A, B, and c, be three right nes i in conti- 

nued proportion, and let the ratio of the firſt A 

to the third C be given; I ſay the ratio 
| of the firſt A to the ſecond B is alſo 


given. For let D be a line of a given 

magnitude; find a fourth proportional 

Prop. 12. 0E p to A,; C, and P, which let be F. Then 
oy 5 becauſe the ratio of A to C is given“, 
te | therefore the ratio of D to F is given; 


„ but D is given in magnitude, where- 
Pat. 2. fore F is given in magnitude. Then 
find a mean proportional to the two given lines 
Prop. 13. D and F, which let be Ef. Then becauſe D 
Euc. lib. 5. jc to E, as E is to F, wherefore the rectangle 
„ ebntaled betesen Dand F equal to the ſquare 
& Prop. p:17- of Es; but the rectangle contained between D 


> Def. 1. each given in magnitude, therefore h the ſquare 
of this. of E. is given, and conſequently the right line 
E is given in magnitude; but D is given, 


k Prop. . 1 


Euc. li as 


\ 
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as D is to F, ſo is the ſquare of D to the rectan - 
gle contained between D and F; but the rectan- 
gle contained between D and F is equal to the 
ſquare of E, therefore as D is to F, ſo is the 
ſquare of D to the ſquare of E; but as D is to 
F, ſo is A to C, therefore as A is to C, ſo is 
the ſquare of D to the ſquare of E. For the 
ſame reaſon as before, it will be as A is to C, 
ſo is the ſquare of A to the ſquare of B; where- 
fore! as the ſquare of A is to the ſquare of B, Prop. 11. 
ſo is the ſquare of D to the ſquare of E, and Fue. lb. 5. 


conſequently m 48 A is to B, fois D to E; but Prop. 22. 


the ratio of D to E is given, wherefore the ratio 18 


of the firſt A to the ſecond B is given. 

Therefore, if there be three right lines in conti- 
nued proportion, and if the ratio of the firſt to the 
third be given, the ratio of the firſt to the ſecond is 
alſo given; which was to be demonſtrated. a 

This propoſition is otherwiſe demonſtrated in 
the following Manner: Let A, B, and C, be 
three lines in continued propor- N 
tion, and let the ratio of A to C 
be given; I ſay the ratio of A to B 4 | 5 
is alſo given, becauſe A is to C as | 
the ſquare of A is to the rectangle contained 


O 


between A and Ca; but the rectangle contained Prop. 1. 


5 RX O uc. Iib. 6. 
between A and C is equal to the ſquare of Be, Nep. 5. 


therefore the ſquare of A is to the ſquare of B, Euc. lib.6. 
as A is to C; but the ratio of A to C is given, ; 
therefore the ratio of the ſquare of A to the 
ſquare of B is given; wherefore the ratio of the 
e i line 
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line A to the line B is given, becautle the ratio 


of their ſquares are given. 


Note, This laſt demonſtration is neither elegant 
nor juſt; for the concluding ſtep depends upon that 
principle, viz. if the ratio of the ſquares of any 


t2v0 lines be given, the ratio of the lines themſelves | 
is alſo given, which is not proved in any of the | 


antecedent data; and therefore this demonſtration 


_ (though uſed by Gregory in his Edit. of Euclid's 
works in Greek and Latin, and Claudius Hardy 
in bis Greek and Latin Edition of the Data) is not 


concluſive. 5 : 


_ PROPOSITION XXV. 

If any two lines given in poſition, mutually cut 
one another, the point of inter ſection is given. 
A Let the two lines AB, CD, 


EN | given in poſition, mutually cut ; 
| one another at E; I ſay the point 
oh GR of interſection, E, is given. 


not change their ſituation, therefore the point 
of interſection, E, cannot change its poſition, 
. conſequently ? the point E is given. ö 
. Therefore, if any two lines given in poſition, 
mutually cut ons another, the point of interſeftion 
is given; which was to be demonſtrated. 
” 29 5 PR O- 


For if the point Ei is not given, W 

then one of the lines, AB ar CD, 
on BD muſt change its place; but by 
Hyp. they are both given in poſition, and can- Wi 
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PROPOSITION XXVI. 
4 right line, joining two given points, is given 
both in poſition and magnitude. | 
Let A and B be two given points; I ſay the 
Tight line AB, which joins them, is given both 
| In magnitude and in poſition. For if, while , 
the point A retains its place, the line AB 
| ſhould change either its poſition or mag- B 
nitude, then the point B will alſo change 
its poſition, contrary to the hypotheſis, which 
is abſurd; therefore the right line AB is given 
both in poſition and magnitude. 
- Therefore, if two points be given, a right line 


joining them is given both in magnitude and paſi- 
tion; which was to be aemenfr ated. 


PROPOSITION XXVII. 


1 a rigbt line be given in poſition and magni- 
tude, and one of its extremities be &iven, the other 
extremity is alſo given, 
Let AB be a right line, given in poſition 
and magnitude, one of whoſe extremities, as 
A, is given; I fay the other extre- 
mity B is alſo given. For if while * B 
the point A retains its ſituation, the 
point B ſhould change its place; then the line 
AB will change either its poſition or magnitude, 
or both, which is contrary to the hypotheſis, 
and abſurd; wherefore the point B is given. 


D 2 : This 
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„ EUCUI DATA 
This propoſition is more elegantly demonſtrated 
in the following manner. 
About the center A, with the diſtance of the 
given line AB, deſcribe the circle CBD; then 
bdleſcauſe the center of the circle 
o CBDis given, and its radius AB 


ch 


1 Hypoth, is given in magnitude“, ' where- 

ES fore the circumference CBD is 

Def. 6. given in poſition”; buy the line 

7 this. 1 Ah is given in poſitionſ, where- 
Try 

e Dar. 25: fore * the point of interſection B 


is given. 

4 berefore, if .a right line be given in poſition 

aud magnitude, and if one of its extremities be 

given, the other extremity is alſo given; which 
was to be demonſtrated. 


PROPOSITION XXVII. 


185 - Tf through a given point a right line be drawn, 
ma contrary poſition, or parallel to 4 right line 
given in pofition, that "ewe line is alſo given in 

Poſition. 
Let A be a given point, and BC a right line 
ron in e and through the point A let 
the right line DE be drawn pa- 
> rallel to BC; I ſay the right line 
7 25; DE is given in poſition. For 
if DE is not given in poſition, 
while the point A retains its 


Ones let DE chan ge its poſition | 
to 
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_ to FG: then becauſe BC is parallel to FG, Hypork. 
and BC. is alfo parallel to ED, wherefore DEE 
is parallel to FG*, and at the ſame time cut,” Prop. 30. 
each other, which is abſurd; wherefore DE Fuc. lib. i. 
cannot change its place, and conſequently i is 
*given in poſition, | 
». Therefore, if through a given point a right line 
be drawn, parallel to a right line given in pofi- 
tion, that right line is alſo given in poſition; 
which was to be demonſtrated. 


* Def. 4. 
of this. 


PROPOSITION XXIX. 


from a given point in a right line given in 
Poſition a right line be drawn, making a given 
angle with it, that right line is alſo given in po- 
Ation. 

Let AB be a right line given in poſiti ition, 
and C a given point in it, and from the Wa 
C let CD be drawn, making 
a given angle with the line 
AB; I ſay CD is given in 
Poſition, For if CD is not 
given in poſition, while the 
Point C retains its place, let the line CD hi 
its poſition to EC; but the magnitude of the-ane 
gle DCA is given?, and therefore will always be v Hypoth. k 

the ſame, conſequently the angle DCA is equal 
to the angle ECA, a part to the whole, which 
D 3 4 A 
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ab“ 4 is abſurd; wherefore the right line DC cannot 
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change its place, and therefore it is given in 

poſition. | 
Therefore, if from a given point in 4 right 
line given in poſition, à right line be drawn, 
making a given angle with it, that right line is 
alſo given in poſition ; which was to . _ 
frated. EE | 


LEMMA. 


If two lines, given in poſition, mutually cut 
one another, the angles formed by them are given 
in magnitude. 

Let the two lines AB CD be given in poſition, 
and mutually cutting one another at the point 
E; I fay the angles CEA 
CEB are oe a given magni- 
_ tude. For if the angle CEA 


CEA may alter its m 
he tude, which let be to that of 
FEA; then one of the lines CD or AB will 
change their poſition, contrary to the hypothe- 
| Bis, which is abſurd; therefore the angle CEA 
cannot change its magnitude, and ny 
is we a . * 
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PROPOSITION XXX. 


If from a given point, out of a right line given 
| in poſition, à right line be drawn, making a given 
angle with it, that right line is alſo given in 
poſition. ' 
T his propoſition is damenfrated four differen 


Ways. 


Figs. 


| Let A be the given point, BC the right line 
given in poſition, and from the point A let AD 
be drawn, making a given 4 | 
angle with the line BC; I ſay | 
the line AD is given in poſi- 
tion. For if AD is not given 
in poſition, while the point A 3 
retains its place, let AD change „ 
its poſition to AE; but it will ſtill make the ſame 
angle with the line BC, becauſe that angle is 
given in magnitude*; wherefore the angle ARB * 
is equal to the angle ADE; hence the triangle 
ADE has its outward angle AEB equal 8 
inward oppoſite angle ADE, which is abſurdb; * 2 6. 
| Wherefore AD cannot change its place, and ” 
conſequently AD is given in paſition. 
7. berefare, if from a given point, out of a right. 
line given in pofition, à right line be drawn, 
making a giuen angle with it, that right line is 
1 D 4 | alſo 


— — * — -— — , — G—ööä—B ́ — —̃ wy. — 
S TE . — — by 2 _— - 
» 22 4 — 
* — Spun: — _ = \ 
c * 
* — — 3 — b 


— 
— 


— K 6 eh 6% — 42 


Sn SM. 5 
tv _ 


—— SIRE 


— — 
— 


75 
1 
i 
4 
+ 


S LES IE a 
== DI \ 
l „ 
atoms. a 
| 


2167 WAR: 1 8 * wing n — * n * 
p hg 2 —— 30 : vs 4G 3 — kJ 
8 %# Np 3 IG MY ou 12 — 32 2 4 4 * 
22 ———ů — * — te reg —— wo nt - 0 
| <— 0 OE ES oye. 8 rn 
— 1 
0 


- Euc. lib. 1: 


Selim bgvi7 


alſo given in ow tions woe was to be demon- 
frated.. 


$zconD., 1 


Thank the given point A draw the right ties 

2 Prop. 31 EF, parallel ro BC,; then becauſe the line EF 
bet "8 parallel to BC, and cut by 
* we line AD, the angle FAD 


-. oProp. 29. 8 is equal to ADB*; but ADB 


is given, therefore the angle 
FAD is given. And becauſe 
the line EF is drawn through 
. given. point A, parallel to the line BC, 


6— 


* 


Dat. 28. given in poſition, wherefore * the line EF is 


given in poſition, and hence the line AD is 
drawn from the given point A, in the line EF 
given in poſition, making with it the angle 
8 Dat. 29. FAD, of a given magnitude, conſequently $ 
on line ADi is m in poſition. e 


TRI op. 


; Take any point in the line BC, as E, and 
through the n E draw the line EF, parallel 
Prop. 31. to AD®. Then becauſe AD 
28 FN is parallel to FE, and cut with 
N the line BC, the angle FEB 
prop 6. bag No is equal to the angle ADBi; 
Euc-lib1. B E 2 E but ADB is given in magni- 


TT OP | tude ®, wherefore the e 


Pat. 29. FED ; is given in magnitude, conſequently the 
line F E is "On in foſition; vherefore the 
0 | wy line 
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line AD is drawn through the given point D, | 
parallel to FE, given in poſition, therefore n the - Dat. 28. 


line AD is given in poſition e was to be 
| e 


FOouR TH. 


+ Take's any point in the line BC, as E, Join 

1 the line EA; then becauſe the two points A 
and E are both given, where: 

fore the right line AE is X 
given both in poſition and | 
magnitude; but BC is given 1 

in poſition e, wherefore the . E 5 * Hypoth. 
angle AED is given in mag- | 5 
nitude?; but the angle ADE is given in mag- * Lemma 
nitude, therefore 1 the remaining angle EAD is 1 _ 
given in magnitude, wherefore the line AD is Euc. lib.1. 
drawn from the given point A in the line AE, * Dat 4 

given in Poſition, making with it an angle, as 
EAD, of a given . therefore : AD: Dat. 29. 
is given in poſition. 

T, berefore, if from a given point, out of a 1 
line given in poſition, a right line be drawn, 
making 4 given angle with it, that right line is 
. alſo given in poſit ftion : ; n war to be en, 

ſtrated. ; | 


- n Dat: 26. 
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PROPOSITION XXXL. 


77 a ri bt ine. given in n be hows 
From a given point, cutting a right line given in 
poſition, that right line is given in poſition. - 
Let A be a given point, and BC a right line 
given in poſition, and from the point A let the | 
| line AE, given in magnitude, 
A be drawn, cutting the line BC 
/ _atE; I ſay the line AE is given 
in poſition. For about the cen- 
ter A, with the diſtance of the 
given line AE, deſcribe the 
circle DEF: then becauſe A, 
3 — the circle DEF, is given, and its 
Def. 6. radius is given in magnitude, therefore the 
of this. circumference DEF is given in poſition; but 
: Hypoth.- the line BC *-is given in poſition, wherefore ” 
Pat 25. the point af interſedtian, E, is given; but the 
Pat. 26. point A is given, 3 the line AE is 
| "ons poſition. 

Therefore, if from a au. right Line, 
given in magnitude, be drown, cutting a right 
| e given in poſition, that might line is given in 
L- © ' poſition; which was to be demonſtrated. 
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"PROPOSITION | XXXI.. 


If a right line be drawn, cutting and bounded 
” 1100 POE _ lines which are given in 
- Poſition, 
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poſition, and making given angles with them, 3 

that right line is given in magnitude. 

Let AB CD be two parallel right lines given 

| in poſition, and Jet che right line EF be denn 
cutting them, ſo that the 

angles BEF EFD are given AE 

in magnitude; I ſay the right | 

line EF is given in magni- IE 

tude. For take any point, FF 5 | 

as G, in the line CD, and 

through the point G draw the line GH pa- 

rallel to EF“, then is the Figure EG a pa-* 31. 

rallelogram; and becauſe HG is parallel to Euc. lib. i. 

EF, and cut by the line CD, the angle HGD 

is equal to the angle EFG?; but the angle v Prop. 29. 

EFG is given, wherefore the angle HGD is Euc. lib. i. 


given, and therefore the line GH is given = Dat. 29. 


in poſition; but AB is given i in poſition, there- 

fore the point H * is given, conſequently HG « Dar. 25. 

d is given in magnitude; but HG. is equal » Dat. 26. 

to EF, wherefore the line EF is given in eProp. 34. 

magnitude. | Eue. lib. i. 
Therefore, if « a right * be drawn, cutting 

and bounded by two parallel right lines which are 

given in poſition, and making given angles with 

them, that right line is given in e 

which was to be POR 
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PROPOSITION XXXIII. 
Va right line, given in magnitude, be wb 


will be given in magnitude, 
Let AB CD be two parallel den given In 
| poſition, and EF a right line given in magni- 
tude, and bounded by the pa- 


AE: rallels; I ſay the line EF cuts 
| | the two parallel lines AB CD 
. HL D in given angles; that is, the 


angles BEF EFD are each 
given in magnitude. For take any point in the 

: line AB, as 8 and from G draw GH parallel 
4 Prop: 31. to EF*, then is the figure EH a parallelogram, 


Euc. lib. 1. ande GH i is equal to EF; but EF is given in 


Pro 
Ric [net magnitudef „therefore GH is given in mag- 


7 Hypoth.,nitude. About the center G, with the diſtance 


_ GH, deſcribe the circle KHL; then becauſe 
the center G is given, and the radius GH given 
in magnitude, the circumference KH is given 


Def 6. in enen, but CD is given in poſition, there- 
of this. fore h the point H is given; but G is given, 


h Dat. 
D at 26. therefore the line GH is given in poſition”, 


Lemma to wherefore * the angle GHD is given in magni- 


Dat. 30. tude; but the angle GHD is equal to the angle 


Ap op. 29. 
Euc. lib. 1. EF D!, therefore the angle EFD is given in 


Prop. iq magnitude, and conſequently * the angle 5 


Euc. lib. i 
& Dat. + is + 255 in IR 


7. 1 


by two parallel right lines given in poſition, the 
angles, which that line makes with ihe Pens, | 


/ 


4, 


NU C. I Des D A T. A. . al 
Therefore, if a right line, given in magnitude, 2 


be bounded by two parallel right lines given in 
pofetion, the angles, which that line makes with 
the parallels, will be given in e 4 which 
| Was to be a. ; | 


This propofi tion ts. alſo infrared] in . fol 
2 manner. | 


Take any point in the line CD, as G, and 
cut a Part of it, as GD, equal to the line EF, 


which is given in magni- 
tude; about the center G, AE * 
with the diſtance GD, de- 5 

ſcribe the circle HDK; 


which cuts the line AB in T - G D 
H, and join HG; then py 173 7 
becauſe EF is given in mag La K 
nitude, and GD is equal to 

it, therefore GD is given in 3 and the 
point G is given, therefore ® the circumference Def. 6. 
HDK is given in poſition; but AB is given in * this 
poſition” therefore the point H is given ꝰ; but * 1 
G is given, wherefore ? HG is given in poſi- ; Bar 1 


tion, and conſequently the angle HG is given 


in magnitude, If the line HG is parallel to Ama 


Dat. 3o. 


EF, the angle HGD is equal to EFG“, there- pr 
be the remaining angle FEB * is given. But Euc. 45 


if the line HG is not parallel to EF, they will, Prop. 29. 


uc. Iib. 1. 


when produced, cut one another, which let be & Dat. 4. 

in the point L; then becauſe FG is parallel to 

EH" as EF is to FL, A is HG to GL; bur 33 2. 
| FE Euc. lib. 6. 


3 4 


2 


* 
* 
114 
- 
_ 
- * 
_ 
- 
_ 
ff 
i o 
it ö 
* 
1 b 
* > 
1 
= 
+ 
OF 
r 
_ 
* 8 
f 
2 
3 
* 
2 
* 
4 
i! 
94 
by 
f 
14 
4 
. 
A 
th 
N 
o 5 1 
* 
E 
4 
* 
i 
4 \ 
6 
* 
* 
Y 
* 
* 1 
* AN 
1 C 
= = 
= 
1 
* , 
WS. 
* . 
UF. 4 
5 
= 
o 
18 
1 
75 
* 
* | 
'F 
= } 
>, 
* 
Is 
1 
T 
Hy 
8 
1 
1 
85 
ty 1 
1 1 
4 : 
i 
(®& 7 
24 ' 


+. KN 
r 


EUCLIDs DATA. 
EF is equal to HG, wherefore” F FL is equal to 
| L.; ne FLG 
is iſocelous, 
LGF is equal to LFG*; 
but LGF is given becauſe 
D it is equal to the vertical an- 
„ gle HGD, which is given; 
K wherefore GFL is given, 
drop 75 and conſequently ? the re- 
elbe maining angle GEE is given, and therefore the 


1 9 7 remaining angle EFB! is given. 


Euc. li Therefore, a right line, given in magnitude 

* Dar. 4 be bounded by two parallel lines given in poſition, 
- the angles, which that line makes with 15. _ 
* are 10 in magnitude. h 


PROPOSITION XXIV. 


| n given point a right line be drown, 
cutting two parallel right lines given in pofition, 
that right line will cut by them in a_given ratio. 
bis propoſition admits of two caſes, becauſe 
' .  - the given point may either be without or within 
the two parallel lines. And firſ tet it be without 
them. 
Let AB CD be two parallel right alan 
in polition, and E a given point, and from the 
En point E ſer EP be drown, cutting the two pa- 
rallel lines AB CD in the points G and F; 1 
ſay the ratio of EG to GF is given. For from 


55 2 D* 
— ara * -E draw EH 8 to 8 | 
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„ then becauſe the line EH 
HO OORED pane ls; cutting CD, 
given in poſition, at the given | 

d Dat. 30. 


angle EHF, wherefore EH 
is given in poſition; but CD 
is given in polition, therefore 
the point H is givenꝰ; for the 
ſame reaſon the point K is / 
| rr F H B 4 Dat. 26. 
right lines EH KH and EK 
are each given in magnitude, wherefore* the · Dae. t. 
ratio of EK to KH is given. But becauſe GK 
is parallel to FH, as EK is to KH, fo is EG 


to FGf, e nope ee 2. 


| wherefore the ratio of EG to GF is given. 

Therefore, if from a given poim a right line 

| be drawn, cutting two parallel right lines given 
in Paſition, that right line will be cut by them in 
4 — ratio; which was to be am | 


Car I 


When the given point E is ; borwven ik pa- 
rallet lines AB and CD, - 
perpendicular to CD, and . 
- which cuts AB in Hs; then —_— —D t Prop 12. 
becauſe EK is drawn from Wy e 

the given point E, perpen- 
euer to CD given in po. OE © GD 


. ſition, wherefore EK b is d Dat. 30. 
| On in PR but CD is given in > 
| ee 


© Dat. 28. 
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48 EUSLI D DATA. 1 8 
Dat. 25. therefore the point K is given for the ſame | 
reaſon the point H is ec Since the Points 0 
K E and H are all given, 
AE 1 25 * therefore the lines KE EH 
x Dat. 26. 8 Fare each given in magni- 
Dar, „ NO bs and conſequently.” the 
es . 5 "K G D ratio of RE to EH is given. 
hut becauſe the angles at 
H and Kare right, and the angle FEH equal 
Prop. 15. to GEK, wherefore the triangles FEH GEK 
: Dues NY are equiangular, and® as KE is to EH, ſo is 
is kur 1b. GE to EF: but the ratio of KE to EH is given, 
Det. 2. therefore the ratio of GE to EF is given.. 
E Nan. Dpberefore, if from à piven point a right line 
EE be drawn, cutting two parallel right lines given 
| „ Pofition, that right line will be cut by the pa- 
| -  ralles ma non ratio: 15 which was to be wand = 
. ay frated. | „„ DET 363 


% 


CFE I 


PROPOSITION. XXV 


z | "if from 4 given point a right line be 4 
cutting @ right line given in poſition, and if that 
right line be cut into two parts which have a given 
ratio to one another, and if through the point of. 
ſettion a right line be drawn parallel to the ri ight 
line given in poſition, that Te line is aljo * 

1 7 in poſition. 
335 Let Ag; be a 4 line given in lg ind 
„ Ca given point, and from C let OD be 15 8 


. cutting AB in D, and let CD be cut in E, ſo 
1 | | that 


EveLtys DATA, 


| chat CD has to DE a given ratio, and -= 


* 
49 : 


E let FG be drawn, parallel to AB; I fay FG 

is given in poſition. For from the point C draw 

| CH perpendicular to AB? which cuts FG in ?Pro 7 
K ; chen becauſe CH is drawn from the given Euc. lib. 
point C, cutting the line AB, given in poſition, .. 
at a. given angle, therefore 1 CH is given | in * Dat. 30. 


poſition; but-AB is given in 


| poſition”, therefore the point 


H is given; but C is given, 
wherefore CH is given in 
magnitude. | Again, becauſe of 


c Ar Hyp. 
Dat. 26, 


: 1 t Dat. 26. 


EK is parallel to DH, where- ED. = © 


fore” as DE is to EC, ſo is 


HK to KC; but the ratio of DE to EC is given, Bu 5 

therefore „ the ratio of HK to KC is given, and 1 Def. 2. 

conſequently * the ratio of HC to CK is given; 255 . 

but HC is given in magnitude, therefore KC 7 Dat. 2. 

is given in magnitude; but it is given in poſi- 

tion, and the extremity C is given, wherefore *.* Dat. 27. 

the point K is given; hence FG is drawn thro' | 

the given point K, parallel tv AB which is given 1 

in poſition, wherefore FG is given in poſition. Dat. 28. 
Therefore, if from a given point a right line 


| be drawn, cutting a right line given in poſition, 


and i that right line be cut into parts which have © 
à given ratio to one another, and if through the 
point of ſection a right line be drawn parallel to © 
the right line given in poſition, that 6 e ee 2 


alſo given in Peſttion 3 3 Wan was 10 a Wn 
W | 


% 


RK 85 2 RO. 


* r 
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8 — PROPOSITION XXI. 


If from a given point a rigbs le be. fron,” 
< again 4 right line given in poſition, and to it le 
added another line to which the line drawn has a 

given ratio, and if through the extremity of that.. 
added line a right line be drawn parallel to the. 
right line given in i, that line is. 4 Eier 
| in poſition. . ; 
Det A; be a right in given in Poste and 
9 e point, and from C let CD be drawn, 
8 . cutting AB in D, and to CD 
"BE K __& ler CE be added in ſuch a 
e Roy s that CD has to CE 
3 N ; a given ratio, through the 
* H DE penn E let FG:be drawn, pa- 
| rallel to AB; I ſay FG is given 
| in poſition. For from the point C draw CH 
| 12. perpendicular. to AB which, produced, cuts 
eue. Bb. EG in K; then becauſe CH is drawn. through. 
bdſhe given point C, cutting the line AB, given 
* * 30. in poſition, at à given angle, wherefore.* CH 
is given in poſition; but AB is given in poſition, 
© « Dat. 25. therefore che point H is given z. but Ci is giwen, 
; Dat. 26. conſequently * CH is given in magnitude. A- 
4 gain, becauſe the angles at H and K are right 
=1 Prop. 5: angles, and the angle DCH equal to the angle 
2 Cor. 2. KCE", therefore ꝭ the triangles DH KCE are 
Prop. 32. equiangular; and Þas.DC is to (E, ſo is HC 


In If to CK; but the ratio of DC to CE is given... 


E UC 155 DATA. 2 


wherefore the ratio of HC to CK is given; but 

. HC is given in magnitude, therefore CK is Dat. 2. 

given in magnitude; but CK is given in poſi: 

tion, and the extremity C is given, therefore * * Dat. 7. 

the” point K is given; Hence the line FG is 

drawn through the given po int K, parallel to 

the right line AB given in poſition, wherefore | | Dat. 28. 

FG'i is given in poſition, _ | 
" Therefore, if from a given point 4 right lint * 

t&t drawn, cutting a right line given in poſition, 

and to it be added another line to which the line 

drawn has a given ratio, and if thro the extremity ' 

of that added line a right line be draton, parallel 

to the right line given in poſition, that line is alſo 

given in Panos ; which was to be dembnfirated. 


251- 


'pR0PoSITION XXXVII. 


e right Me be bond by two parallel right. 
Ines given in poſition, and cut into two KN which. 
bade a given ratio to one another, and if thro* the 
| Polnt of ſeftion a right line be drawn parallel to 
the" firſt mentioned lines, that right ling is ' foes | 
in poſition. . 

Let AB CD be two parallel lines given in 
poſition, and the line FG, 
wien . Bounded by ten, F. E 3 
and cut in che point E, ſo that RK Mx 
the ratio of FE to EG is „ EW 
given, and through E let 


HK be drawn parallel to E . I 8 
. | AY”: 
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AB or CD; 1 fay HK i is given in =. 4g For | 
take any point in the line AB, as L, and from 

I. draw LM, perpendicular 
"Pro .11, * E to AB®, which cuts CD in 


| 1855 5 77 E K M, and BK in L.; then be- 


/E N cauſe LM is drawn chrough 
; 2a 5 the given point L, in the 
n © 7 IN line AB given in poſition, 


Dar. 29: making a given wig with it, wherefore LM 


"8 given. in poſition; but CD is given in poſi- 
rp. tion®, therefore? the point M is given; but L 
Bat. 28. is given, wherefore 4 LM is given in magnitude. 
Again, becauſe the lines AB HK CD are all 

parallel to one another, and cut by the lines FG 


„Prop. 2. and LM, wherefore as FE is to EG, . ſo is LN 
Euc. lib. 6. to NM; but the ratio of FE to EG is given, 


. wherefore the ratio of LN to NM is given, and 
Dat. 6. conſequently.” the ratio of LM to NM is given; 


Dat. 2. but LM is given in magnitude, wherefore NM 


is given in magnitude; but NM. is given in 


„Pat. 27. poſition, and the point M is given, wherefore” 


the point Nis given; hence the line HK is drawn 
through the given point N, parallel to AB given 
Pat. 28. in poſition, wherefore “ AK is given in poſition, 
| . Therefore, if a right line, bounded by tao pa- 
rallet right lines given in poſition, be cut into 
two parts which have 4 given ratio to. one ano- 
tber, and if through the point of ſefion 4 right 
line be drawn Parallel | to theſe two lines, that 


rigbt line 1s ove in Poſition; ; which as to be 
9 


1 


PRO. 


* 
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PROPOSITION XXXVII. 


pig a right line be bounded by two parallel right 
He given in poſition, and to it be added ano- 
1 ther line which has a given ratio to it, and 
through the extremity of that added line a right 
line be drawn parallel to the firſt mentioned lines, 
| that right line is given in poſition. = | 
Let AB and CD be two parallel right lines 
given in poſition and cut by the line EF, 8 
Which let EG, having a given 
ratio to EF, be added, and 1 EN. K 
through the point G, ler GK" Ber wh 12 55 
be drawn; parallel to AB, or —/E LB 
CD; I fay GK is given in po- „ 8 
| ſiti tion. For take any point, F M D 
as L, in the line AB, and from L, draw 


LM perpendicular to AB, which produced Prop. . 


cuts the line CD in M, and GK in N. Then Euc. lib. i. 
becauſe LM is drawn from the point L, eujt. 
ting AB, given in poſition, in a given angle, 
Wherefore 7 LM is given in poſition ; but CD? — 0 
is given in poſition „  wherefore * the point M. f 5 
18 given; but L is given, therefore LM is» Dat. * 
given in magnitude. Again, becauſe HK, AB, 
and CD are all parallel to one another, and cut 
x by the lines GF and NM, it will be © as FE is «Prop. 2 
to EG, fois ML to LN; but the ratio of FE Hue. lib. & 
to EG is given, therefore the ratio of LM to Def. x. 


LN. is given; but LM is in magnitude, of ws 
. where- 
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. Dat >. wherefore L. N is given in magnitude z but 
I᷑N is given in poſition, and the Pein L is 
I Dat. 27. = ah G N K given, wherefore * the point 
e N is given: hence there is a 
L. 2 line, as GK, drawn through 
5 ee the given point N,. parallel to 
FF N 55 AB given in poſition, yore: 
„ Pat. 28, fore GK is given in poſition. 
' Therefore, if à right line be beunded by 2200 
Ne parallel lines given in pofition, ; and to it be added 
a . enother line, which has a given ratio to the firſt 
mentioned line, and through the extremity of that 
added line a right line. be drawn parallel to be 
lines given in poſition, that line is given in pal. ; 
tion; which was 10 be e 
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N 7 the three fdes of any 'triangle | be each given 

| in magnitude, the triangle is given in ſpecies... 

L et the three ſides AB, BC, and CA, of 
the triangle ABC, be each given in magni- 
tude, I fay the triangle ARC is given in ſpe- 
cCies. For take any point, as P, from which 
5 2 the line DE given in poſition be produced 
leaſure. - From the line DE cut off a part, 
„Prop. 4, äs DF, equal to AB, and make FG equal to 
Euc. lib. i. BC, and GH equal to AC. About the center 
FP᷑, with the diſtance FD, deſcribe the circle 
DEL, and about the center G, with the di- 
e . deſcribe the circle : from 
the 


: 
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5 1 
4 & 5 
f 3 
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4 n . 1 . 
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che point of interſection ho join the lines KP, 
and KG. Then becauſe DF is given in poſi- 
tion _ erer e ah _ We r Dis given, 


therefore the point Fi is given; and ſince the Dar. 27. 
center F is given, and the radius FD is gi- | 
ven in magnitude, wherefore *, the circum-* ms 6. 
ference DKL is given in poſition. For the of his 
ſame reaſon the point G is given, and the 
circumference KHM is given in poſition, 
wherefore the point of interſection K is given; Dat. 25. 
but the Point F'is given, therefore EK & is given“ Pat. 25. 
in poſition and magnitude ; but FG is given in 
poſition, therefore the angle KFG is given in — 
magnitude ; for the ſame reaſon, K GF is given 4 
in magnitude. Again, becauſe the two tri= 
angles ABC, KFG have the ſides AB, AC 
5 to KF, KG, each to each, and the baſe - - 
BC equal to FG ®, wherefore the angle KFG -* nagging 
is equal to the angle ABC, and KGF equal to» prop. 8. 
Ach; therefore the angles ABC, ACB areFuclb.:. 
each given in magnitude, and conſequentiy HR 
remaining angle BAC is given in magnitude. ubteß 1 
But the ſides AB, BC, * AC are each given dba. 
Th 4 in 


EUCEIDs DATA” 
* Hyp, in ——__ *, therefore; the ratios of the ſides 
Dat. 1- to each other are given 3:1 yherefore theitriangle 
© Def. 3. ARC t is given in dpecies. + = noted: 
25 8855 535 berefare, if the three ales of any triangle b | 
each given in magnitude, the triangle is _— - £ 
* 3 which was 1 * OE. 5: 


PROPOSITION XL. 


If the three owls of a triangle * 1 given : 
in magnitude, the triangle is given in ſpecies. 
- Let ABC be a triangle, whoſe three angles 
. ABC, ACB, and BAC are each given in mag- 
HEE; | nitude; 1 ſay the tri- 
angle ABC is given in 
ſpecies, For let DE be 
a right line, given in 
—ů magnitude and pofiti- 
FT Ts, F on with the line DE, 
and. at the points D and E conſtruct the angles 
EDF and DEF, equal to ABC, and ACB, 
«Prop. 23. each to each; then will the remaining angle 
3 ng . DFE be equal to the remaining angle BAC*, 
* Prop.32. and conſequently ! the triangle ABC is Rvilar 
RE ns „to the triangle DFE. Again, becauſe the 
irs PE point D is given, and DE given in. poſition, 
+ and the angle FDE given in magnitude, be- 
Pat. 29. ing equal to the angle ABC, wherefore DF - 
| is given in poſition; for the ſame reaſon FE 
Pat. ag. is given in poſition, conſequently * the point. of 
| interſection F is; but the point D is given, 
there- 


erefo1 gs Ine Dr Db gen! in e v Dat. 26. 
| forthe" ſame reaſon FE is given in magnitude, 
Nr the three ſides of the triangle DFE. 


2 triangle DFE is given in ſpecies; but the 
triangle ABC is ſimilar to DFE, therefore the 
triangle ABC is given in ſpecies. 5 
T, berefore, if the three angles of a rriangl be 
each given in magnitude, the triangle is us in 
. ſpecies 3 N was to be nen. | 


PROPOSITION XII. 


If a triangle has one angle given, and if the 
Kuen about the given angle bave a given ratio 
10 one another, the triangle is given in ſpecies. 

Let ABC be a triangle, which has the angle ö 
ABC given in magnitude, - and let the ratio of 
4 to BA be likewiſe | 


A is given in ſpecies. N 
For let DE be a right line B . 
given in poſition and mag- Xa 
nitude, with the line DE, - 4 Ga. 


and at the point D con- A 
ſtruct the angle EDF, equal to che given an- | 
gle ABC *: and ſince the ratio of BC to BA is Prop. 23. 
given, let DE have the ſame proportion to _ WD. i. 
DEF, then | is the ratio of DE to DF given; but 
DE is given in magnitude, therefore PDF is* Dar. 2 
Ben in 6 J oin the line FE. Then, 
becauſe 


are each given in magnitude, conſequently Dat. 25 | 
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EE 
becauſe the point D is given, and DE in po- 


ſition, and the angle EDF given in magnitude; | 
0 therefore DF is given in 


1 


| Dat. 29. 11 95 
| Lewe but DF is alſo 
| ———SC - givenin magnitude, where- 
d Dat. ag. % BAL F 2 point F is given; 


8 but the point E is given, 
Id.... I therefore” FE h Glen in 
a poſition and magnitude, 
Dat. 39. and 1 & the triangle DE is given in 


ſpecies. Again, becauſe the angle ABC is equal 


to the angle FDE, and as BC is to BA, fo is 
!Prop. 6. DE to DF, wherefore the triangle ABC is 
Euc. lib.6. fitnilar to the triangle EDF; but EDF is given, x 
in ſpecies, r ran gs N e e = 

given in ſpecies, 
T, hp if ant ads of a w be e, 
and if | the ſides about the given angle have a 
given ratio to one another, the triangle is given 
in ſpecies; which was t bt demonſtrated.” 


PROPOSITION XIII. 


5 F the ratios of all the fides of a triangle, each 
io each, be given, the ar ed is e in Ne- 
cies. 

8 Let ABC be a triangle, and let the ratios of 
AB to BC, BC to CA, and AB to AC, be all 
given; I ſay the triangle ABC is given in 
ſpecies. For let D be a right line given in 

en and ſince the ratio of BC to BA 

is 


-— \ | 


EUCLIPs DATA. E 
is given, let D have the ſame ratio to E, con- 
ſequently the ratio of D to E is given; but D 
is given, therefore ® E is given: alſo, ſince che Dat. 2. 
ratio of BA to AC is | 
given, let E have the 
fame. ratio to F, where- 
fore the ratio of E to Ff 

is given; but E is given, 1 THR 
therefore F is given. — _ „ Dat. 2. 
Then conſtruct the tri- — 
angle GHK, whoſe three ſides are equal to hs 
three given lines D, E, and F, any two of : prop. 22. 
which are greater than the third, becauſe they Euc. bb. 
have the ſame proportion to one another with 

the three ſides of the triangle ABC. Let GH 
be equal to D, GK equal to E, and KH equal 

to P; then, becauſe the triangle GK H has all 
its ſides given in magnitude, it is given in ſpe- 

cies b; but becauſe BC is to BA, as D is to E, o Dat. 39. | 
that is, as GH is to GK, and BA is to AC, 
as E to F, that is, as GK is to KH, by equa- 
lity * it will be as BC is to CA, ſo is GH to prop. 22. 
HK, wherefore * the triangle ABC is — -lb z. 5. 
to the triangle KG H; but the triangle KGH Euc Ibs ib.6, 
is given in ſpecies, conſequently the n, 
Az is given in ſpecies. : 

Therefore, i the ratios of all the fides of @ © 
triangle, each to each, be given, the triangle is 
given in ſpecies, which was to be demonſtrated. 
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PROPOSITION XLIL 


if the fades about . one of the acute angles in 

4 right angled triangle have a given ratio to one 
another, the triangle is given in ſpecies. ' © 
Let ABC be a right angled triangle, having 
the angle BAC a right angle, and let the ratio 

| | A of BC to BA about the a- 
3 cute angle ABC be given 3 
B De I fay the triangle ABC is 
| given in ſpecies. For let 
R DE be a line given in poſi- 

| * tion and magnitude „ and 
wr E becauſe the ratio of BC to 
Pen BA is given, let the ratio 
of DE to F be equal to it, then is the ratio 
of DE to F given; but DE is given in magni- 


\ Hypoth. 


Dat. 2. tude, therefore F * is given in magnitude; but 


2 Ab BC is greater than BA ®, therefore DE is greater 
Prop. 14. than FG“. Upon DE, as a diameter, deſcribe 
Euc. lib. 5. the ſemicircle DGE; and about the point D as 
a center, with the Ane F, deſcribe NGK, 

which cuts DGE at G, and 3 join the lines DG, 

GE: then becauſe DE is given in poſition and 

| magnitude, its half DL is given; but D is 
= Dat. 27. given, therefore * the point L is given, and 
l e 6. *conſequently the circumference DGE is given 
in poſition. Again, becauſe the center D 1s 

given, and F is given in magnitude, wherefore 

Def. 6. the circumference N GK is given in poſition? 
1  where- 
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wherefore * the point of interſection G is given; * Dat. 25. 


but the points D and E are each given, there- 


fore * the lines DG and GE are given in mag: nnn 
nitude, conſequently © the triangle DGE is given? Dat. 39. 


in ſpecies. Again, becauſe the angle DGE is 


a right angle *, therefore the angle GED is an" Fro 31. 


acute angle. Hence the two triangles ABC, 
DGE have the angles BAC, DGE equal, de- 
ing right angles; and the ſides about the an- 
gles ABC, GDE in proportion, becauſe BC is 


to BA, as DE is toF; but F is equal to PG. 


Therefore as BC is to BA, fo is DE to DG, 
and the remaining third angles ACB, GED are 
both acute, therefore the triangle ABC is f 27 
milar to the triangle DGE; but the, triangle 


DGE is given in ſpecies, wherefore the trian- 


gle ABC is given in ſpecies. 


Be berefore, if the fides about one of the acute 


angles in a right angled triangle bave a given 
ratio to. one another, the triangle is given in 
Jpecies ; WICH © Was to be TR. 


PRO POSITION XIIV. 


"= any angle of a triangle be given, and the 
ratio of two of its ſides about another angle like. 


wiſe given, the triangle is given in ſpecies. 


Let ABC be a triangle, which has the angle 


ABC given, and let the ratio of AB to AC, 


about another angle BAC; be given; I ſay 


the triangle ABC is given in ſpecies. 


2 | This 


lib. 3. 


rop. 7. 
c. lib. 6. 
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— _ — . © CR * 
APA 3 — . , 4 — Sa 
; p — ere ” —.— 1 
eee — ee eee * . — 
. 8 5 . : > 4 wa; 5p — n 4er = __ 
by * — _— des * 


This' propoſition admits of two caſes, be-' 
cauſe the WR angle ABC may be either an 


acute, or an obtuſe angle; 


be acute. From the point 
A draw AD perpendicular 


ADB i is a right angle, and 
32. che angle ABD i is given, therefore © the remain- 
Boch ing angle BAD is given, and conſequently b, 
the ratio of AB to AD: is given; but the ratio 

. B of AB to AC is given „therefore * the ratio of 
| DA to AC is given; but the angle ADC is a 


Dat. 43+ right angle, wherefore | the triangle ADC is 


given in ſpecies, and conſequently the angle 
ACD is given in magnitude ; but the angle 
= Hypoth. ABC is given w, therefore the third angle 


* Prop.32-BAC is given, and conſequently o the triangle 


8 BAC is given in ſpecies. 


„Dat. 40. Therefore, if one angle in a triangle be given, 
and the ratio of two of its fides about another an- 


gle likewiſe given, the triangle is given in ſpectes ; 5 . 


which was to be demonſtrated. 


* 


ven: II. 


When the given angle ABC is obtuſe, bi 
r Prop. 12. the point A draw AD perpendicular to BC ?, 
Euc. lib. i. which cuts it produced at P then, becauſe 
| | the 


\ 


aud firſt let the angle ABC 


to BCf, which cuts it in 
D; thin, becauſe the angle 


d Dat. 25 the triangle ABD is given in ſpecies, wherefore 


Pg 
on mas eS was od wad Bas Aga — 


SQ A — — 28 72 „ 


4 
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the angle ABC is given, the angle ABD q Wen 13. 


given 3, but the angle ADB is a _ angle, n on | 


remaining third angle DAB A 
is given, and conſequently * 

the triangle ADB is given 

in ſpecies, wherefore the ra- — "Ho 

tio of BA to AD is given; B-: 8 

dur de ratio of BA to AC is given * „ therefore 7 
t the ratio of DA to AC is given; but the an- Dar. 8. 

gle ADC is a right angle, wherefore the tri- Dat. 43. 

angle ADC is given in ſpecies, and conſe- 

- quently the angle BCA. i is given in magnitude; 

but the angle ABC is given in magnitude ", Def. 3. 

therefore the remaining angle BAC 1s given, ron 32. 

wherefore? the ne ABC is given in ſpe- Euc. lib. i. 

cies :- 

Therefore, if one * of a triangle be given, 

and the ratio of two of the fides about another 

angle likewiſe given, the triangle is given in ſpe- 

cies ;, which was lo be demonſtrated. | 


Dat. 40. 


N. B. This and the forty-third Propoſition 
might have been joined in one, for when juſtly 
confidered, they include the ſame hypotheſes ;- 
only by joining them in one, the propoſition 
would have conſiſted of three caſes, becauſe the 
given angle may be either a right angle, an acute, 
or an * angle. 


r Dat. 40. 


& Dat. 4. 
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PROPOSITION ' XLV. 

If a triangle has one angle given, and if the 
ſum of the two frdes about the given angle, con- 
 fadered as one line, has a given ratio to the third 

fide, the triangle is given in ſpecies. 
Let BAC be a triangle, which has the angle 
| BAC given, and let the ſides BA, AC about 
* the given angle, conſider- 
| ced as one line, have a given 
ratio to the third ſide BC; 
1 ſay the triangle BAC is 
— \ given in ſpecies, For, bi- 
85 „ ſet the given angle BAC 
® ay 9. with the right line AD *, which cuts BC in D; 
Euc. lb. i. then, becauſe the angle BAC is biſected with 


* * 3: the line AD, it is as BA is to AC, ſo is BD 


1 to DC; and by alternation *, as BA is to BD, 


P 
1 Gb gt .fo is AC to CD; wherefore © as AB is to BD, 


— 2 ſo is BA and AC, added together, to BD and 
165 DC, added together, that is, to BC; but the 
ratio of BA, AC, added together to. BC, is 


' © Hypoth. given“ , Wherefore the ratio of AB to BD is 


given; but the angle BAD is given, becauſe 
it is half the given angle BAC : wherefore the 
En ABD, having the angle BAD given, 
Dat. 44- and the ratio of AB to BD given, it is © given 
in ſpecies, and conſequently the angle ABC is 
Fro. 32. given in magnitude | z but the angle BAC is 


* Dat 5; given, wherefore * the remaining angle ACB 
| 1s 
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15 given, therefore 5 the ang ABC is given 


in ſpecies; | 

Therefore, if one {Ly of a rriengle tt given, 
and if the ſum of the two ſides about the given 
angle, conſidered. as one line, bas 4 given ratio 


6 


5 Dat. 40. 


to the third fide, the triangle is given in Nn ; 


which was to be 3 


oY © —# 


| This Propoſition is likewiſe heal in 


che following manner : 
-Produce the ſide BA, make AD equal to „AC, 


abd j Join DC; then, becauſe the angle BAC is 


equal to the ſum of the 5 — 4 
two angles ADC and | 
ac, and BAC is gi- A 

ven, therefore the ſum SHE 

of the two angles GC TT C 
and ACD is given; but the angle ADC is 
equal to ACD!, therefore each of the angles 


* Prop. 2. 
5 Cue. lib. 1. 


i Prop. 5. 


| ADCand ACD are given : but the ratio of the Euc. lib. i. 
ſum of BA, AC, that is, BD to BC, is given k. E Hypoth. 
wherefore the triangle DBC is given in ſpe-! Dat. 44. 
cies, and confequently m the angle ABC isn Def. 3. 


| given; but BAC. is given, therefore * the re- 
maining angle ACB is given, wherefore the 
triangle ABC is given in e which was © 


10 bt . 


of this. 


u Prop. 32. 

Euc. lib. 1. 

& Dat. 4. 
* Dat. 40. 
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PROPOSITION Xl. vl. 


F one angle of a kk be given, aa * the 
ſum of the two fides about another angle, confi- - 
| dered as one line, has a given ratio to the third 

fide, the triangle is given in ſpecies. © © 
Let ABC be a triangle, which has the 
angle ABC given, and let BA, AC, about 
A another angle BAC, con- 


| | ſidered as one line, have a 
i. given ratio to the ſide BC; 

EL 2, 1 ſay the triangle ABC is 

B D given in ſpecies. For let 
the angle BAC be biſected with the line AD, 
prop. 9. which cuts BC in De; then becauſe the angle 
ene ge 1. BAC is biſected, it is 4 as AB is to AC; ſo is 
Euc. lib. 6. BD to DC; and by alternation”, as AB is to 
5 mes BD, ſo is Ac to DC, and therefore fas AB. is 
5 Prop. 13. to BD, ſo is AB and AC, added together, to 
Euc. lib. 5. B and DC added together, that is, to BC. 
But the _ of AB and AC added together to 

: Hypoth. BC is given t, wherefore the ratio of AB to BD 
* Hypoth. is given; but the angle ABD is given , there- 
5 41. fore the triangle ABD w is given in ſpecies, and 
of thi,” conſequently the angle BAD is given in mag- 
nitude ; bur-BAD is half the angle BAC, 
wherefore the angle BAC is given; but the an- 

7 Prop. 52 gle ABC is given, therefore ? the remaining 
Eue lib. angle ACB is given, and conſequently * n 


& Dat. 4 
© Dat. 40. rriangle ABC 1s * in ſpecies. 


7. "TY 
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' Therefore, if one angle of a triangle be given, 
and if the ſum of the two fides about another an- 
_ gle, conſidered as one line, has a given ratio to 
the third fide, the triangle is given in ſpecies ; 
which was to be demonſtrated. 


This Propoſition is otherwiſe demonſtrated, 
thus : 
Produce BA, and make AD equal to AC, 
and join DC; then, becauſe BD is Get to BA 
and AC 44 together, D | 
wherefore : the mes of - « Hypoth, 
BD to BC is given ; but | 
the angle Na is given, 0 | 
wherefore * the triangle B +5; d Dat: 4 
DBC is given in ſpecies, and conſequently the 
angle BDC is given in magnitude ; but the 
angle BAC is double the angle BDC e, there- © Prop. 5. 


fore the angle BAC is given, ans therefore the 8 1 


remaining angle ACB is given? z Wherefore Prop. 32. 
the triangle BAC is given in ſpecies; which nut lib. 1. 


Was to be demonſtr ated. | e 1 


rROPOSLITION XLVIL 


Any right lined figure given in Species, is di- 
viſible into ee which are alſo given in 
ſpecies, | 
Let ABCDE be any right lined figure given 
in ſpecies, join the lines BE and BD; I ſay 
the W BAE, BED, and BCD are all 
F 2 given 
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given in ſpecies. Becauſe the angle BAE is 


t Hypoth. given, and the ratio of BA to AE is given 
£ Dat. 41. B 


tA wherefore * the Me | 
>> * BAE is given in ſpecies. 
For the ſame reaſon the 
triangle BCD is given in 
ſpecies. Again, becauſe 
the angle AED is given 


5 


Hypoth. in magnitude n, and the angle AEB is given, 


becauſe the triangle AEB' is given in ſpecies, 


1 Dat. 4. therefore © the remaining angle BED is given. 
Hypoth. Alſo, becauſe the ratio of AE to Eb is given k, 
! Dat. 8. and the ratio of AE to EB is given, therefore! 
n Dat. 41. the ratio of BE to ED is given, wherefore * the 


the 9277 0 BCD 1 is given. 


triangle BED is given in ſpecies; wherefore all 


the triangles ABE, BED, and BDC are each 
given in ſpecies. 

Therefore, any right lined Kur given in ſoe- 
cies, is diviſible into triangles, which are each 


given in ſpecies ; which was to be demonſtrated. 


| PR OPOSITION XLII. 


| Tf upon the ſame right line two triangles given 
in ſpecies be deſcribed, theſe triangles will have 
a given ratio to one another, 

Let ABC and BCD be two triangles given 
in ſpecies, and deſcribed upon the ſame right 
line BC; I ſay the ratio of the n n ro 


12 


n — 


. 


and parts have the ſame proportion to their Eue. 
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For, through the two points A and D draw 
the right lines EG and FH parallel to BC, Prop. zi. 
and from the points B and +, A: 66 
C draw the right lines EE ; 
and GH perpendicular to 
BC e, which produced cut S 5 ay f 
the lines EG and FH in. | PIER 
the points E, G, F, and H;, ® © 
then, becauſe the angle EBC i: is a right ng 
and the angle ABC is given in magnitude ?, ? Hypoth. 
wherefore d the angle EBA is given; but thes Dat. 4. 


angle BEA is a right angle *, wherefore © the* Prop. 29. 


remain angle EAB is given, and conſe- py 


quently * the triangle AEDB is given in ſpecies, Euc. lib.1. 

therefore the ratio: of EB to BA i i given; but & Dat. 4. 

the ratio of BA to BC is given e, therefore ” « 4 

the ratio of EB to BC is given. For the fame » Dat 8. 

reaſon the ratio of BC to BF is given, where- 

fore the ratio of EB to BF is given. But 'as* Dat. 8. 

EB is to BF, ſo is the parallelogram EC to 

the parallelogram BH, therefore the ratio of? 7 Prop. r. 

the parallelogram EC to the parallelogram BH — 

is given; but the parallelograms EC and BH 

are each double the triangles ABC, BDC *, Pro ute 

Ds 

like multiples, therefore the ratio of the tri- Prop. 15. 

angle ABC to the triangle BDC is given, Ede. lib. 5. 
Therefore, if upon the ſame rigbt line two tri- 2 

angles given in ſpecies be deſcribed, theſe tri- 4 

angles have a given ratio to one another; which 

was to be demonſtrated. 
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PROPOSITION XLIX. 
i 4 upon the ſame right line two right lined 
feares, given in ſpecies, be deſcribed, theſe fi- 
Fures will have a given ratio to one another. 
Let the figures ABC and ABDEF, given 
in 2 be both deſcribed upon the ſame line 
AB; I fay thele figures 
will have a given ratio to 
one another. For join the 
lines FD, FB ; then, be- 
cauſe the figure ABDEF 1 * 
given in ſpecies, therefore 
the triangles EFD, FDB, 
and FAB are each given in 
ſpecies. Since the two triangles EFD, FDB 
are given in ſpecies, and deſcribed upon the 
Pat. 48. ſame line FD, wherefore * the. triangle EFD 
has a given ratio to the triangle FDB, and con- 
e Dat. 6. ſequently the ratio of the trapezia EFBD to 
” the triangle FDB is given; but the ratio of 
Pat. 48. the triangle FBD to the triangle FBA is given“, 
* Dat. 8, wherefore the ratio of the trapezia EFBD to 


a Dat: 47. 


Dat. 6, the triangle FBA is given, and eonſequently * 


the ratio of the figure ABDEF to the triangle 
FAB is given; but the ratio of the triangle 
z Dat. 48. FAB to the triangle ABC is given *, where- 


Dat. 8. fore b the ratio of the figure ABDEF to the 


triangle ABC is given, &c. 


4 . There- 
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' Therefore, if upon the ſame right line two 


right lined figures, given in ſpecies, be deſcribed, 
theſe figures will have a given ratio to one an- 
other ; which was to be demonſtrated. 


COROLLARY. 


From this Propoficion it plainly follows, 
that the ſquare deſcribed upon the different 
ſides of a triangle given in ſpe- 
cies, have each a given ratio to 
the triangle. For let ABC be 
a triangle given in ſpecies, 
and upon the ſides let the ſquares 
BE, BF, CH be deſcribed, it is 
Plain, that ſince all ſquares are 
given in ſpecies, therefore, upon the ſame line 
BC, there is \deſcribed two figures ABC and 


BE both given in ſpecies ; wherefore, by the 


Propoſition, the ſquare BE has a given ratio to 
the triangle ABC: for the ſame reaſon, the 
ſquares BF and CH have each a given ratio to 
the mg ABC. 


Note, 20 his is the 3 Propoſition in all 


the copies of the Data now extant ; but as Pap- 
pius makes no mention of it, it is evidently: ſpu- 
rious, or if uſed h Euclid at all, it muſt have 
been uſed as a Corollary to ſome Propofition, as it 


evidently follows from this; and for that reaſon 


we have inſerted it here. Though I am rather 
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induced to think that it has been added by __ 
other Author. 


PROPOSITION L. 


If two right lines have a given ratio to one 
another, ſimilar figures deſcribed upon them will 
bkewiſe have a given ratio to one another, 

Let the two lines AB and CD have a given 
ratio to one another, and upon them let the 

ſimilar figures EFABG, 
K HCDLE be deſcribed; I 


T7 ſay the figures EAB, HCD 

1 have a given ratio to one 

AM B © P another. For find a third 

proportional to the two lines AB, CD, which 

\Prop. 11. jet be Mi; then, becauſe AB is to CD, as CD 

12 is to. M, and the ratio of AB to CD is given k, 

| therefore the ratio of CD to M is given, and 

1 Dat. 8. conſequently ! the ratio of AB to M is given. 

Cor. 2 But * as AB is to M, ſo is the figure EAB to 

Ener lb ür F. the figure HCD, wherefore the ratio of the 
figure EAB to the figure HCD is given, 

Therefore, if two lines have a given ratio to 

one another, ſimilar figures deſeribed upon them 

will likewiſe have a given ralia to another ; 


which was to be demonſtrated. 


* 


[ 
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PROPOSITION LI. 


4 two right lines have a given ratio to one 
ain. right lined figures given in ſpecies, de- 
ſcribed upon them, will alſo have a given ratio 
to one another. 

Loet AB, OD be two right lines which have 
a given ratio to one another, and upon them 
let the figures EAB, FCD, + 
given in ſpecies, be de- 
ſcribed; I ſay the ratio of 
EAB to FCD is given. | 
For upon AB let the fi- | B Y D 
gure AHK, fimilar to 
FCD, be deſcribed®; then,. wo W 
becauſe AB has a given | : 
ratio to CD e, and upon them che ſimilar fi- Hypotk. 
gures AHK, ECD are deſcribed, wherefore ? » Dat. 50. 
the ratio of AHK to ECD is given. Again, 7 
becauſe AHK is ſimilar to ECD, and ECD is 
given in ſpecies, wherefore AHK is given in 
ſpecies; but EAB is given in ſpecies, conſe- 


quently 1 the ratio of EAB to AHK is given; Dat. 49. 


but the ratio of AHK to FCD is given, where- 
fore the ratio of EAB to FCD is given. Pat. 8. 
Therefore, if two right lines have a given 9 

ratio to one another, rigbt lined figures given in 
ſpecies, deſcribed upon them, will alſo have a given 

ratio to one another ; which was to be demon- 
ſtrated. 
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= PROPOSITION Ln. 


if upon a right line given in magnitude, 4 
right lined figure. given in ſpecies be deſcribed, 
that figure is alſo given in magnitude. "Reg 

Let AB be a right line given in magnitude, 
and upon it let the figure ABCD, given in ſpe- 
E. — © cie, be deſcribed; 1 ſay the 

; figure ABCD is given in 
magnitude. For upon the 


43g given line AB deſcribe the 
c Prop. 46. | | ſquare AG! 3 then, becauſe 
. I AG is a ſquare deſcribed 
E Fs a upon the given line AB*, it 
of this 1 G is given both in ſpecies and 


EN e but the figure ABCD is given in 

Hypoth. ſpecies ”, therefore, upon the ſame line AB, 

| the figures ABCD, AG are deſcribed, and 

r Dat. 49. both given in ſpecies *, conſequently the ratio 

of AG to ABCD is given; but AG is given 

Dat. 2. in magnitude, wherefore ! the _ ABCD is 
given in magnitude, - 

" Therefore, if upon a right line gives in mag- 
nitude, a right lined figure given in ſpecies be 
deſcribed, that figure is alſo given in REI ; 
which was to be demonſtrated, 


* 


EUGLIDs DATA; 2 


PROPOSITION LIL 


_ If two fignres be given in ſpecies, and if one 
fa of the one has à given ratio to one fide of 
the other, then will all the other fides of the one 
have given ratios to all the — ſides of the 
_ figure, each to each. | 

Let:-ABEF and CDHK be two figures given | 
in ſpecies, and let AB have a * ratio to 
ED; I ſay AG will have. ,. 


a given ratio to CL, &c. * 


For ſince ABEF is given 
in ſpecies, the ar of GA 
to AB is given *;- but the A K *Dele-g 
ratio of AB to CD ; is given „ wherefore the Hypo- 
ratio of GA to CD is given. Again, becauſe v Dal. 8. 
the figure CDH is given in ſpecies, the ratio 
of CD to CL is given; but the ratio of GA wks 
to CD is given, conſequently the ratio of GA 
to CL is given. After the ſame manner it. Dat. 8. 
may be proved, that the ratios of BE to DH, 
of GF to LK, Fc. are each given. Rane 

2 berefore, if two figures be given in ſpecies, 

and if one fide of the one has a given ratio 

to one fide of the other, then will all the other 
Ades of the one have given ratios to all the re- 
maining fides of the other figure, each to each; 
which was to be demonſtrated. + 
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PROPOSITION: IV. 

If two figures given in ſpecies have a giver 
ratio to one another, then will all the fides of 
the one $ave a given ratio 4 to all the Jes of the 

| our, each to each. 

Let ABC and EFG be two Figures given in 
ſpecies, which have a given ratio to one ano- 

D oh ther; I ſay their ſides AB, 
* IL FF, Sc. will alſo have a 
given ratio to one another; 
for the figures ABC, EFG 
A BB E F will either be ſimilar, or not. 
N And firſt let them be ſimi- 
lar. Find a third e- to the two lines 
prop. 11. AB and EF, which let be K *; then, becauſe 
CHEN AB is to EF as EF is to Ke, AB is to K, as 
Prop. 20. the figure ABC is to the figure EFG ; but the 
Euc. lib.6. ratio of the figure ABC to the figure EFG is 
given, therefore the ratio of AB to K is given, 
f Dat. 24. and conſequently * the ratio of AB to EF is 
5 Dat. 53. given, and therefore 5 the ratios of the remain- 
ing ſides DA, BC, Sc. to the EE ſides 

EH, FG, Sc. are given. 
But if the figures ABC, DEF are not * 
E upon the line DE, let the 
figure DEH be deſcribed 
ſimilar to ABC h, then 
becauſe the figures ABC, 
DEH are ſimilar, and ABC 
is given in ſpecies, there- 
e DEI is given in ſpecies; but DEF is 


given 


Prop. 18. 
Euc. lib. 6. 
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given in ſpecies i, wherefore the two figures i Hyporh. 
' DEF, DEH are both given in ſpecies, and 
deſcribed upon the ſame line DE, conſequently k E Dat. 49- 
the ratio of DEF to DEH 
is given; but the ratio of 
ABC to DEF is given, 
wherefore ® the ratio of 
ABC to DEH is given, 2 | 
and therefore, by the a- 4 IM 
bove demonſtration, the ratio of AB to DE i is 
given, and“ therefore the ratios of the remain- ® Dat. 53. 
ing ſides to the remaining ſides are given, each 

| to each. | 
EE berefore, if two figures Ty given in ſpecies, 

having a given ratio to one another, then will all 

the fides of the one have. a given ratio to all the 
fides of the other, each to each ; WHICH was 10 be 
demonſtrated. 

This Propoſition is 8 otherwiſe 
in the following manner: 
The figures ABC, EFG muſt either be ſi- 

milar or not, and firſt let them be ſimilar. 

Let KL be a line of any af o 
given magnitude, and as | EZ 
*AB is to EF, ſo let KL 3 | 
be to MN. Upon the — BH F prop. 12. 
lines KL and MN let the P 0 T Euc. lib. 6. 
figures KLO, Q MN be | 
deſcribed ſimilar to the 

figures ABC, EFG p, 5 ce 18. 
and upon MN let the R Euc. Iib. 6. 

| 2 Rags | 
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Bus Hf. ſquare MS be deſcribed * ; then becauſe” AB. is 


2. to EF, as KL is to MN, therefore as the fi- 
e ABC is to the fi- 


"HS gie EFG, fo is che fl 
| Fall gure KLO to the figure 
Ki FFF QMN; but the ratio of 
# * Hypoth. P. . N ABC to EFG is given *, 
5 | "a therefore the ratio of 

FN KLO to QMN is gi- 
| ven. Again, becauſe the 
= | figures ABC, EFG are 
_ | given in ſpecies, and the figures KLO, QMN 
5 1 are ſimilar to them, wherefore KLO, QMN 
are given in ſpecies; but the ſquare MS is 
h given in ſpecies, hence the figures QMN and 
—_— - MS are both given in fpecies, and deſcribed 
Wi) Pat. 49. upon the ſame line MN, conſequently * the 
3 ratio of QMN to MS is given; but the ratio 


* Dat. 8. of KLO to QMN is given, wherefore the 


10 6 Pat. 52. ratio of KLO to MS is given; but KLO » 
4 is given in magnitude, becauſe it is given in 
_ ma | ſpecies, and deſcribed upon KL, which is gi- 
4 | * Dat. 2, ven in magnitude, therefore * the ſquare MS is 
_- given in magnitude, and therefore its fide MN 
1 1 is given in magnitude, wherefore the ratio of 


EKL to MM is given? ; but KL is to MN, as 

AB is to EF, therefore the ratio of AB to EF 

18 given; and ſince the figures ABC, EFG 

are given in ſpecies, and one fide in the one 

has a given ratio to one ſide in the other, the 

ratios of their remaining ſides to one another 
* Dat. 53. are alſo given, each to each. But 
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But if the figures ABC, EFG are not 
ſimilar, then may their ſides, by the. ſame 
' conſtruction and demonſtration with the a- 


bove, be proved to have a given ratio to 

one another, or by the following demonſtra- 

tion. 

Let ABC, EFG be given in ſpecies, and 
have a given ratio to one another; I ſay the 

ratio of AB to EF, Cc. is given. For I 

AB, EF let the two ſquares DB. 

AL, EN be deſcribed * ; E *Prop.46. 
then becauſe AL and EN We W 
are ſquares, they are given 

in ſpeciesb, wherefore the | - : ns 3o 
hind figures ABC and AL NN 

are both given in ſpecies, R 

and deſcribed upon the ſame line AB, chere 
fore the ratio of ABC to AL is given; but Dat. 49. 

the ratio of ABC to EFG is given, wherefore 

the ratio of AL to EFG © is given. Again, * Dat. 8. 

becauſe the figures EFG and EN, given —_ 

ſpecies, are deſcribed upon the ſame line EF, 

therefore © the ratio of EFG to EN is given; Dat 49- 

but the ratio of AL to EFG is given, where- 

fore the ratio of AL to EN is given; but“ Dat. 8. 

AL is'fimilar to EN, therefore, by either of 

the preceding demonſtrations, the ratio of AB | 

to EF is given, and conſequently ® the ratios* Dat. 53. 
of the remaining ſides of the one to thoſe of the 
other are given, each to each. 


Therefore, 


„„ S a Ber RICE * 
* 
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7. berefore, if two right lined figures be given 
in ſpecies, &c. which was to be demonſtrated. 


.  Iore, 7. his laſt demonſtration conflitutes the 
ſeventy: ſeventh Data in Gregory, Hardy, Serle, 
&c. but as it is evidently. no more than a diffe- 


rent demonſtration of the ſecond part of this Pro- 


poſition, it muſt be ſpurious. ' For it is impoſſi- 
ble to ſuppoſe tbat Euclid, for the ſake of intro- 


| ducing another demonſtration of any propoſition 


which be has already proved, would inſert it 
with the appearance of a different propoſition. 


This is fo much contrary to his method, that any 
one who is acquainted with his works cannot be- 


fitate in concluding, that the demonſtration is not 
his, ' otherwiſe, agreeable to his conſtant practice, 
he would have introduced it in the ſame manner 
we have done, This plainly accounts for one of 
the Jupernumerary propoſitions that are now 
found in all the copies of the Data, which are 
very different from what they were in Pappus's 
time; for in his Preface to his Seventh Book, he 
ſays lere were only ninety, and in all the copies 
now extant there are ninety- five. The others 
we ſhall regularly account for in their. proper 
Places. | t 
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PROPOSITION LV. 1 

| 3 I 

Tf any right lined figure be given both in ſpecies 1 
and magnitude, all its fides are given in magnitude. my 

; x: 1 


Let ABCD be a figure given in ſpecies and 


. IVES NPIS TIS, — cn wc www ck ot 


magnitude; I ſay its ſides AB, BC, &c. are 3 
each given in magnitude. D 1 
For let FG be a right line | i 
given in poſition | and E o 2 
magnitude; upon FG de-- q 
ſcribe the figure FGHK, | 1 
ſimilar to the figure © e RF 
ABCDE ®*; then becauſe the figure ABCD is > Frop.18. 1 
UC. II a ö 


given in ſpecies , and the figure FG HK is ſi- 12 
milar to it, therefore the figure FG HK is gi- 

ven in ſpecies, and it is deſcribed upon the 
right line FG, which is given in magnitude, 
therefore the figure FG H is given in mag-*Dar. 52. x 
nitude; but ABCD is given in magnitude, Þ 
wherefore | the ratio of ABCD to FGHK is! Dat. 1. if 
given; but they are both given in ſpecies, | 
therefore ® the ratio of AB to FG is given ; Dat. 54. 
but FG is given in magnitude, therefore > AB Dat. 2. 
is given in magnitude; but the ratio of AB 


ge deny — — — — — 
WL A0 0 . . ect eCerRMNTEISDE = 


to BC is given, and Ag is given in magnitude, SR | 1 
wherefore BC is given in magnitude: after? Dat. 2. 1 
the ſame manner all the other ſides may be i 
proved to be given in magnitude. 1 

Therefore, if am right lined figure be given 8 
both in ſpecies and magnitude, all its ſides are given 
in magnitude which was to be demonſtrated. * 
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This Propoſition is otherwiſe demonſtrated 
in the following manner: 


Prop. 46. Upon AB deſcribe the ſquare AG 1, then, 


Euc. lib.1. becauſe AG is a ſquare, it is given in ſpecies ; 
E D but ABCD is given in ſpe- 

F Hypoth. — SC. cies", and they are both de- 
| ſcribed upon the ſame line 


I Dat. 49. — IB AB, wherefore * the ratio of 


 ABCD to the ſquare AG is 

" given; but the figure ABCD 

t Hypoth. R 5 is given in magnitude *, 

u Dat. 2. ——* wherefore * the ſquare AG 

is given in magnitude; but AG is a ſquare de- 

ſcribed upon the ſide AB, wherefore the ſquare 

of the fide AB is given in magnitude, and 

conſequently the line AB is given in magni- 

tude; but becauſe the figure ABCD is given 

” Hypoth, in ſpecies - , Wherefore the ratio of AB to BC 

* Det. 3. is given *; but AB is given in magnitude, 

therefore BC is given in magnitude. After 

the ſame manner it may be demonſtrated, that 

all the other ſides CD, DE, Sc. are each given 

in magnitude. _ 

Therefore, if the fides of any figure, &c. 

which was to be nne. 


PROPOSITION LVL. 


If bau equiangular — heve 4 
given ratio to one - another, one fide in one of 


them will have the ſame gi ven ratio to that right 
line, 


* 


* 


parallelogram AC, will by 
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line, which is a fourth proportional to the 
other fide of that firſt mentioned parallelogram; 


and the two ſides of the other parallelogram. 


Let AC and EG be two equiangular paralle- 


lograms, that have a given ratio to one ano- 


ther; I fay that AD, D — 9 E Xt 
which is one ſide of the 13 


have the ſame given ratio | 
to that line which is the K 
fourth proportional to AB, EF and FG, which 
the parallelogram AC has to the parallelo- 
gram EG. For produce DA, and as AB is 
to EF, ſo let FG be to AK *, and compleat aof. 12. 


2 


the parallelogram AL. Then becauſe AB . 


to EF, as FG, or EH is to AK, and the an- 

gle HEF is equal to the angle BAK *, where- Prop. 13. 
fore ® the parallelogram AL is equal to the pa- 22 18.1 
rallelogram EG. But AC has a given ratio to prop. 
EG, and AC has the ſame ratio to AL that it Euc. lib.6. 
has to EG, therefore the ratio of AC to AL 

is given; but as AC is to AL, ſo is DA Prop. 1. 
to AK, therefore the ſide has the ſame Nc · ib. 6. 
given ratio to AK, that the parallelogram 


AC has to the parallelogram EG; but AK 


1s the fourth proportional to AB, EF, and FG. 


| Therefore, if two equiangular parallelograms 

have à given ratio to one another, one fide in one 

of them will have the ſame given ratio to that 

right line, which is a fourth proportional to the 

other _— of that firſt mentioned parallelogram, 
G 2 | and 
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and the two Ades of the other ee 3 
which was ta be demonſtrated. 


PROPOS TION II. 


If a parallelogram, given in magnitude, be 
deſcribed upon a right line given in magnitude, 
and in a given angle; the other fide of the paral- 
lelogram is alſo given in magnitude. 

Let AB be a right line given in magnitude, 
upon which 1 is deſcribed the parallelogram AD 

F given in magnitude, and hav- 


—— E. ing the angle BAC given in 

. I magnitude; I ſay the other 
1 ſide AC is alſo given in mag- 

A | B nitude. For upon AB de- 

1b 8 | \ ſcribe the ſquare AE *, a, pro- 
Eac. lin. . 11 , duce FA till it cut CD pro- 


' duced in H, and compleat 
the 3 AK; then, becauſe AB is 
© Dat. 52. given in magnitude, therefore © the ſquare AE 
is given in magnitude ; but AK is given, be- 
f Prop. 87 cauſe it is equal to AD f, wherefore s the ratio 
EI! of AE to AK is given; bur as AE is to AK, 
» Prop. 1. ſo is AF to AH, wherefore the ratio of FA, 
Euc. lib.6.that is of AB to AH, is given. Again, be- 


cauſe the angle BAH is a right angle, and the 


Pat. 4. angle BAC is given, thereforei the angle HAC 


1s given ; but the angle AHC is a right angle, 
uc $157 wherefore * the remaining angle ACH is given, 
& Dat. 4. conſequently | the triangle AHC is given in 

Pat. 40. ſpecies, 
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ſpecies, and hence the ratio of AH to AC is 
given; but it has been demonſtrated, that the 


ratio of AH to AB is given, therefore * the ® Dat. 8. 
ratio of AB to AC is given; but AB * is“ Hypoth. 


given in magnitude, wherefore * AC is given Dat. 2. 
in magnitude. 


Therefore, if a parallelogram, given in mag- 
nitude, be deſcribed upon @ right line given in 
magnitude, and in a given angle; the other ſide of 
the parallelogram is alſo given in magnitude; 
which was to be demonſtrated. 


PROPOSITION LVII.. 


VI right line given in magnitude, a a paral- 
Aare given in magnitude be applied, wanting 


in figure by a parallelogram given in ſpecies, the 


Ades of that laſt mentioned parallelogram are alſo 
each given in magnitude. 

Let AB be a right line given in magnitude, 
to which the parallelogram AD, given in mag- 
nitude, is applied, wanting K MH 
in figure by the parallelo- | 

gram CE, which is given 
in ſpecies; I fay the ſides | | 
CB, CD of that parallelo- A IE 
gram are alſo given in | | 
magnitude. For biſect AB & G:. CM 

at G?, and upon GB deſcribe the parallelogram : Fron, 10. 


GH ſimilar to CE a, and produce CD to M; 1 


then becauſe the parallelogram CE is ſimilarEuc. lib.6. 


G 3 | | to 
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to the parallelogram GH, therefore the paral- 
E lelogram CE ſtands about the diameter of GH”. 
9 Again, becauſe AB is given in magnitude, 
* M therefore its half, GB, is 
35 given; but GH is given in 
75 ſpecies, becauſe it is ſimi- 
3 lar to CE, which is given 
35 Hyp. 5 in ſpecies © , wherefore GH 
t Dat. 52. 8 * is given in magnitude. 
A G CB Alſo, becauſe GD is equal 
wn 43-to DH, wherefore GE is equal to CH; but 
„Prop. z 6. GE is equal to AL”, wherefore AL is equal 
Euc.lib.1. to CH, and conſequently the parallelogram 
AD is equal to the gnomon GEM ; but AD 
x Hyp. is given in magnitude *, therefore the gnomon 
GEM is given in magnitude.: before it was 
demonſtrated that the whole, GH, was given 
in magnitude, and now the gnomon GEM is 
7 Pat. 4. given, therefore the remaining parallelogram 
LM is given in magnitude; but becauſe LM 
Prop. 24. is ſimilar xo CE *, and CE is given in ſpecies, 
Euc.lib.6. wherefore LM is given in ſpecies ; wherefore 
LM being given both in ſpecies and magni- 
* Dat. 55. tude, its fide LD, that is GC", is given in 
phy "ag magnitude ; but GB is given. therefore the re- 
d Dat. 4. mainder, CB, is given“; but the ratio of CB 
, to CD 1s given, and CB is given, ' therefore 

© Dat. 2. CD © is given in magnitude. 

Therefore, if to a right line given in magni- 
tude, a parallelogram given in magnitude be ap- 
_ plied, wanting in figure by a parallelogram given 
in 


lelogram BC given in ſpe- F I. xp - 
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in ſpecies, the fides of that laſt mentioned pa- 


rallelogram are alſo each given in magnitude; 


which was to be demonſtrated. 


PROPOSITION LIX. 


If to a right line given in 1 a a 


Llogram given in magnitude be applied, exceeding. 


in figure by a parallelogram given in ſpecies, the 


Hides of that laſt menti oned e are each 
given in magnitude. 


Loet AB be a right line given in magnitude, 
to which the parallelogram AC, given in mag- 
nitude, i is applied, exceed. . NL H 


— 


ing in figure by the paral- 7 | 


cies; I ſay the ſides BC ] [RC 
and BE. of the parallelo- | 
gram BC are each given in A © BÞB D 


87 


magnitude. For biſect AB at G, and upon GD*Prop 10. 


Euc. lib. 1. 


| deſcribe the parallelogram GH, ſimilar to BC* ;; Prop.18. 


then will BC ſtand about the diameter of the Euc. lib. 6. 


parallelogram GH *, and LM is about the! Prop. 26. 
Euc. hb.6, 


ſame diameter, therefore LM will be fimilar 


to BCS, and conſequently it is given in ſpe-*Prop.24. 


cies ; but becauſe AB is given in magnitude, 
its half, GB or LE, which is equal to it, is 
given in magnitude; hence the figure LM, 
given in ſpecies, is deſcribed upon the given 


Euc. Iib. 6. 


line LE, wherefore LM ® is given in magni- Dat. 52. 


- 


"—_— Again, becauſe GE is equal to EH, Prop. 43. 
8 4 | and Euc. Iib. 1. 
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prop. 36. and AL equal to GE *, therefore AL is equal 
0 EH, and conſequently. the whole parallelo- 
| | K_M_ AH. gram AC is equal to the 
2] gnomon GCM but AC 
E 1. Eis given in magnitude. 
cp 2 wherefore the gnomon 
16 GCM is given in magni- 
. tude; but LM is given, 
1 Dat. 8. wherefore ! the whole parallelogram. GH is 
given in magnitude; but GH is given in ſpe- 
= Dat. 55.Cies, wherefore ® GD is given in magnitude; 
" Dat. 4. but GB is given, therefore the remainder, 
BD, is given ; but the ratio of BD to BE is 
* Hyp.' given e, and BD is given in magnitude, con- 
» Dat. 2. ſequently ? BE is given in magnitude. 
Therefore, if 10 a right line given in magni- 
tude a parallelogram given in magnitude be ap- 
plied, exceeding in figure by a parallelogram given 
in ſpecies, the ſides of that laſt mentioned paral- 
lelegram are each given in magnitude ; which 

was to be IONS: 


NV. B. The enuntiations 4 aeg three laſt Pro- 

poſitions, in all the copies that have fallen into 

our hands, are evidently corrupted ; becauſe, in 

| place of a parallelogram or triangle given in mag- 
. nitude, they all mention a given ſpace, at the 
ſame time the conſtruftions and demonſtrations, 

uſed by them, are the ſame with thoſe above : 

from which it is plain, that fince the thirty- 

0 0 Arth, and forty third. P ropeſe tions of the 

Firſt 


en I D's? EBAaTA >: - 
Firſt Book, as well as the twenty-fourth and 
twenty fixth Propoſitions of the Sixth Book, de- 
 monſtrate properties which are peculiar to paral- 
lelograms, and the conſtructions and demonſtra- 
tions of theſe three laſt Propoſitions are formed 
from them, it plainly follows that the figures ap- 
plied to the given right line, and alſo the defects 
and exceſs in the two laſt, muſt neceſſarily belong 
to parallelograms or triangles, otherwiſe the de- 
monſtrations, and of conſequence the propoſitions 
themſelves, are imperfef?, and not demonſtrated. 
As this looſe and ambiguous manner of expreſſion 
by no means correſponds to that accuracy and 
preciſion by which Euclid expreſſes bimſelf in bis 
other works, we may therefore, with juſtice to 


fuch a great GEOMETRICIAN, conclude, that the 


error in theſe Propoſitions, as well as ſome others 
in the Data, are derived from the Arabians, who 
copied bim, and from whom we had not only ſuch 
works of his that are now extant, but the greateſt 
part of the other fragments of the ancients. 
| This correſponds with Pappus's account of them ; 
for in his ſeventh book of his collections, where 
he ſpeaks of Euclid's Data, he ſays, That 
Euclid's Data contains ninety Theorems; the 
* twenty-three firſt Propoſitions demonſtrate pro- 


«© perties of magnitudes in general; the twenty- - 
* fourth is concerning three right lines in continued 


proportion; the fourteen following, and which 
* £0 to the thirty eighth Propoſition, treat of 
** the properties of rizht lines 871 ven in poſition ; 
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«the next ten, which terminate at the forty- 
*. eighth, are concerning triangles given in ſpe- 
© cies, without any regard to their poſition ; the 
"uae Seven, that is to the fifty fifth, are con- 
*« cerning right lined figures in general given in 
e ſpecies, without any regard to their poſition ; 
* the next fix, and which conſequently include the 
« 56th, 57th, 58th, 5gth, 6oth, and 61. Pro- 
s Poſitions, treat of the properties of. parallelo- 
„ grams and ſpaces given in ſpecies, applied to 
« given right lines: by which it is obvious, 
that the ſpaces meant here by Pappus are paral 
lelogramic ſpaces, and that of conſequence, in the 
copies of Euclid's Data, which were peruſed by 
Pappus, theſe Propoſitions were limited to pa- 
rallelagrams only, or at leaſt to triangular and 
parallelogramic ſpaces; and to no other figure 
can theſe Propoſitions be applied. That they 
may be applied to triangles is evident : for 
„ the given line AB let 
ſ TT. the triangle ABC, given in 
magnitude,” having the angle 
BAC given in magnitude, be 


A B deſcribed ; I ſay the other fide, 
| FIN AC, is given in magnitude. 
GE | For compleat the parallelogram 


AF which bas AB, AC for its two adjacent fides ; ' 
then, by the ſame conſtruction and demonſtration 
| with that fifty- ſeventh Propoſition, the line AC 
may be proved to be given in magnitude. | 


„„ HEE | Again, 
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Again, to the given line AB let the triangle 


/ ACD given in magnitude, HT 
BE be applied, the firſt, want- 2 \ A | 
| - is feure by the . EK jr 
angle. DCB, given in ſpe- 7 5 
cies, and the other, exceed- & — 
ing in figure by the triangle 15 
DCB, given in ſpecies; 1 | 
ſay, in both theſe caſes, the KI 
lines DC, DB, as in fg. E I. F 
firſt, and the lines BC, N 
BD, in fig. ſecond, are gi- A EE D 


ven in magnitude, For com- 


firft, and AF, BF, in fig. ſecond, then, by 
the ſame conſtruction and demonſtration as 
| before, it may be proved that the right lines 
DC, DB, in fg. firff, and BC, BD, in 
fig. ſecond, are given in magnitude. All this 
is evident from inſpection of the figures. 
Hence it is plain theſe Propoſitions might have 
been enuntiated after this manner : If a paral- 


deſcribed upon a given right line, and in an angle 
given in magnitude ; the ather fide of that paral- 
lelogram, or triangle, about the given angle, is 


might have been expreſſed thus.: If to à right 
line given in magnitude à parallelogram, or a tri- 


in figure, or exceeding in figure, by a parallelo- 
þ 06. L gram, 


pleat the parallelograms ED, DF, in fe. 


Jelogram *, or à triangle, given in magnitude, be*D Dat. 57. 


given in magnitude. And the 58th and goth 


angle, given in magnitude, be applied, wanting 
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Fig. iſt. 


Fig. 2d. 
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gram, or a triangle, given in ſpecies 3 the two 


Sides of that parallelogram, or of the triangle, 
are alſo given in magnitude. As theſe Propaſiti- 
ons are intirely limited to parallelograms and tri- 
angles, it is plain that in the genuine copies of 


Euclid they were enuntiated in that manner; 


and by an injudicious commentator, their enunti- 
Bions, for brevity's ſake, have been, altered from 
parallelograms, or triangles, given in magnitude, 
to ſpaces given in magnitude ; by which the 
true ſenſe and meaning of theſe Propoſitions are 
perverted, and rendered falſe. It is there- 


fore ſurpriſing that neither Hardie, Gregory, 


Searl, and others, - who have favoured the 
public with editions of this valuable work, bave 
corrected the corrupted enuntiations of theſe three 


Propoſitions, and ſeveral others; which we ſhall 


take notice of in their order. Dr. Gregory tells 
us in his Preface to Euclid's works, that not- 
withſtanding he thinks that the order of the pro- 
pofitions in the Data have, ſince Pappus's time, 
been changed, yet he chooſed, for the ſake of cita- 
tions, to follow the order of the other copies. 
Perhaps it was the ſame reaſon that induced him 
to retain the enuntiations of Juch of them as were 
. | = 


- 


5 BD is given in magnitude, 
and the gnomon BEFGD is given in magnitude, 
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1 


PROPOSITION 1K 


If tn, or r from a hers, given in mag- 
vityde and ſpecies, a gnomon of a given magni- 
tude be added, or taken away (ſo as to make the 


whale, or the remaining parallelogram ſtand about 


the ſame diameter with the given parallelogram *) 


the ſides of that gnomon are alſo given in magnitude. 


Let BD be any parallelogram, given in ſpe- 
cies and magnitude, and firſt to it let the gno- 
mon BEFGD given in mag- f 
nitude be added; I ſay the = | 
lines BE and DG are each 
given in magnitude. 
Becauſe the parallelogram E 


therefore the whole parallelogram EG is given * Dat. 3. 
in magnitude; but becauſe BD is ſimilar to EG b, » Prop. 24. 
and BD is given in ſpecies, therefore EG is s uc. lib.6. 
given in ſpecies; wherefore EG is boch given 


in ſpecies and magnitude, conſequently © the * Dat. 5 5. 


* This circumſtance within the parentheſis is 
not inſerted i in the enuntiation of the Propoſition 
in any of the other copies; but it is plain, from 
the citation of the 24th Propoſition of the Sixth 
"Book, that it is ſuppoſed in the enuntiation, other- 


wiſe that ſtep, and conſequently the * de- | 


monfiration, 15 Joie. 
ſides 
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fides AE, AG are given in magnitude; but 


Dat. 55. AB, AD are each given in magnitude, there- 


© Dat. 4. fore the remaining lines BE, DG * are alſo gi- 
ven in magnitude. | : 
Again, let the parallelogram EG be giren in 
magnitude and ſpecies, and from it let the gno- 
= G mon BEFGD, given in mag- 
| nitude, be taken away; I ſay 
the ſides BE, DG are alſo 
| | each given in magnitude, 
* — For ſince EG is given in 
1 ©: magnitude, and the gno- 
mon BEFGD is given in magnitude, there- 

© Dat. 4. fore © the remaining parallelogram BD is given 
b _ -24-in magnitude; but BD is ſimilar to EG f and 
. EG is given in ſpecies, therefore BD is given 

in ſpecies; wherefore BD is both given in ſpe- 


.E Dat. 55. cies and in magnitude, conſequently * its ſides 


AB, AD are each given in magnitude; but 
the ſides AE, AG are given, wherefore the re- 
> Dat. 4. maining lines ® BE, DG are each given in mag- 
nitude. 
7 herefore, if to, or from a 3 gi- 
ven in magnitude and ſpecies, a gnomon of a 
given magnitude be added or taken away (/o 
as to make the whole, or remaining parallelogram 
ſtand about the ſame diameter with the given pa- 
rallelogram ) the fides of that gnomon are alſo 
given in magnitude ; which was to be demon- 
Frates. | 
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PROPOSITION 2 


If upon one fide of a right lined n given 
in ſpecies, a parallelogram be deſcribed, having 

a given angle, and if the figure has a given 
ratio to' the irren, the parallelogram 15 
given in ſbecies. 

Let ABCD be a figure given in ſpecies, and 
upon the ſide AB let the parallelogram AG 
be deſcribed, which has the 1 
angle BAF given in magni- E "a 
tude, and let ABCD have a 
given ratio to AG; I ſay the Ja 
parallelogram AG is given 
in ſpecies. For from the L. 
point B draw BH parallel to N 


| AE", and compleat the parallelogram AH ; Trop, 2 


uc. lib. 1 


produce the lines EA, HB, and let them cut 
FG produced at K and L. 

Then' becauſe ABCD is given in ſpecies, 
the angle EAB is given in mien and 
the ratio of AB to AE is given ©, wherefore Def. 3 
the parallelogram AH is given in ſpecies, and of this. 
| conſequently the ratio of ABCD to AH is! Dat. 49, 


given; but the ratio of ABCD to AG & is is gi- » Hypoth. 


ven, wherefore the ratio of AH to AG is Dat. 8. 
given; but the parallelogram AG is equal 8 

the parallelogram AL, wherefore the ratio of o prop. 35. 
AH to AL is given; but AH is to AL, as Fue. lib. i. 
EA is to AK?, wherefore the ratio of EA to AK” Prop. 35. 


is Euc. lib. 1. 
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1 is given ; but the ratio of EA to AB is given, 
Pat. 8. wherefore 3 the ratio of AK to AB is given. 
Again, | becauſe the angle 
9 ON BAF is given, and BAK is 
r Dat. 4. given, wherefore the angle 


| KAF is given ; but ſince 
+” WAS given, the angle 
hes | L. AFK is given *, therefore 


& Dat. 4. K the remaining FAK is given", | 
* Prop. 32. . » the triangle AKEF is given in 
tg a "ſpecies, wherefore the ratio of FA to. AK is 
Pat. 40. given“; but before we had the ratio of AK to 
brd 3- AB given, therefore * the ratio of AF to AB 
Dat. 8. is given; and the angle BAF is given in mag- 
7 Def. 3, nitude, wherefore ! the Parallelogram AG is 
of tus. given in ſpecies, 

Therefore, if upon one fide of a right ned 
figure, given in ſpecies, a parallelogram be de- 
ſcribed, having a given angle, and if the figure 
bas a given ratio to the parallelogram, the paral- 
lelogram is given in ſpecies ; which was to be 


_—_— 


PROPOSITION LXII. 


Tf two right lines have a given ratio fa one 
another, and if a right lined figure, given in ſpe- 
cies, be deſcribed upon one of them, and a paral- 
lelogram upon the other, having one of its angles 
given, and if the figure has a given ratio 10 the 
parallelogram, the n is given in ſpe- 
_— Let 


2 DTA. 

Let AB, CD be two right lines that have a 
given ratio to one another, and let the figure 
ABEF, given in ſpecies, 
be deſcribed upon AB, and / 
the parallelogram DH de- 

ſcribed upon CD, having 

the angle DCH given, 

and let the figure ABE K 
have a given ratio to DH; I ſay DH is given 
in ſpecies. For upon AB deſcribe the paralle- 


9 


logram AL, ſimilar to DH*; then becauſe "Prop. 19. 


AB has a given ratio to CD, and upon them 


ſimilar figures are deſcribed, wherefore * DH * Dat. 50. 


has a given ratio to AL; but ABE has a given 
ratio to DH *, wherefore © ABE has a given 
ratio to AL; but the angle BAK is given, be- 


cauſe it is equal to GHC, which is given: 


hence, upon AB, the figure ABE is deſeribed, 


given in ſpecies, and the parallelogram AL, 


having a given angle in'it; and ABE has a gi- 


ven ratio to the parallelogram AL, . wherefore ** Dat. 61, 


AL is given in ſpecies; but AL is ſimilar to 
DH, wherefore the gn DH is _” 
in ſpecies. 

Therefore, if two right lines have @ given ra- 


tio to one another, and if a right lined figure 


given in ſpecies be deſcribed upon one of them, 
and a parallelogram upon the other, having one 
of its angles given, and if the figure have a given 
ratio to the parallelogram, the parallelogram ts 
Ren in Jpecie ; z which was to be demonſtrated. - 
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PROPOSITION LXIII. 
which is the 64th in other copies. 

If the obtuſe angle in any obtuſe angle triangle 
be given, the exceſs by which the ſquare deſcribed 
upon the fide ſubtending the obtuſe angle exceeds 

the ſum of the two ſquares deſcribed upon the 
two ſides, containing the obtuſe angle, has a given 
ratio to the triangle. 

Let ABC be an obtuſe angled FFT 
which has the obtuſe angle ABC given; I ſay 
A the exceſs, by which the ſquare 

deſcribed upon AC exceeds the 
ſum of the two ſquares deſcrib- 
ed upon AB and BC, has a 
given ratio to the triangle ABC. 
For produce BC, and from A 
D B © let fall AD perpendicular to 


Prop. 12. BC e, which cuts it produced in DP). 


Luc. lib... Then becauſe the angle ABC is given, there- 
prop. 13. fore f the angle ABD is given; and the angle 
3 ADB is a right angle, therefore the remaining 
£ Prop. 525 angle DAB* is given; wherefore ® the triangle 
8: —_ 8 ADB is given in ſpecies, and conſequently | the 
v Dat 40. ratio of AD to DB is given; but as AD is to 
of thi 3. DB, fo is the rectangle contained between AD 

and BC to the rectangle contained between BD 


Prop. 1. and BC *, therefore the ratio of the rectangle 


_ "= . contained between AD and BC, to that between 


BD and BC, is given, and conſequently the 
3 | ratio 
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ratio of the rectangle contained between AD 


and BC, to twice that which is contained be- 
tween DB and BC, is given; but the rectangle 


contained between AD and BC is double the tri- 


angle ABC}, and twice the rectangle contained — BY # 
between DB and BC, is the exceſs by which Euc. lib. i. 
the ſquare of AC exceeds the ſum of the two 
ſquares deſcribed upon AB and BC ; there- "Prop. 12. 
fore the ratio of the exceſs, by which * ſquare Euc lib. z. 
of AC exceeds the ſum of the two ſquares de- 
ſcribed upon the ſides AB and BC, to twice the 
triangle ABC, is given, and conſequently the 
ratio of that exceſs to the ET Os itſelf 
is given. 

Therefore, if the obtuſe angle in any obtufe 
angle triangle be given, the exceſs by which the 
ſquare deſcribed upon the fide ſubtending the obtuſe 
angle exceeds the ſum of the two ſquares deſcribed 
upon the two fides, containing the obtuſe angle, 
has a given ratio to the triangle; which was ts 


be demonſtrated. 


PROPOSITION IXI v. 
in other copies the 65th. 


If any acute angled triangle has one of its acute 
angles given, the exceſs by which the ſum of the 
two ſquares, deſcribed upon the two ſides con- 
Faining the given angle, exceeds the ſquare de- 
feribed upon the fide ſubtending the given angle, 
has a gives ratio to the triangle. 
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Let ABC be an acute angled triangle, which: 
has the acute angle ABC given; I fay the ex- 

A ceſs by which the ſum of the 
Kto ſquares, deſcribed upon 
AB and BC, exceeds the 
ſquare of AC, has a given 
ratio to the triangle ABC. 
For, from the point A, draw 


»Prop-12. AD perpendicular to BC then, becauſe the 


Euc. lib. I. angle ABC is given, and the angle ADB is a 
right angle, therefore the remaining angle BAD 
* Prop. 32. is given „ and conſequently the triangle ABD 


Euc. lib. 1 . 
& Dat. 4. Pis given in ſpecies, wherefore i the ratio of 


| » Dat. 4. AD to BD is given; but as AD is to BD, ſo 


1 Def. 3. is the rectangle contained between AD and BC- 
1 rectangle contained between BD and 
Prop. 1. BC ©, wherefore the ratio of the rectangle con- 
Euc. lib. 6. tained between AD and BC, to that contained 
between BD and BC is given, and eonſequently 

the ratio of the rectangle contained between 

Abd and BC, to twice the rectangle contained 
between BD and BC, is given; but the rectan- 


gle contained between AD and BC is equal to I 


Prop. Ai. twice the triangle ABC ,, and twice the rectan- 


Euc. lib. i. gle contained between BD and BC cis, the ex- 


ceſs by which the ſum of the two ſquares, de- 
ſeribed upon AB and BC, exceeds the ſquare 
t Prop. 13. f AC t; wherefore the ratio of the exceſs, by 
Eue. lib. 2. hich the two ſquares deſcribed upon AB and 
BC, exceeds the ſquare of AC, to twice the 
triangle ABC, is gre, and e the 
3 : | ratio 


HRT _ 
n 


ven ratio to the triangle ABC. 
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ratio of that _— the triangle ABC itſelf, is 

ven. 

Therefore, if any acute angled rrianth Bas one 
4 its acute angles given, the exceſs by which ihe 
ſum of the two ſquares, deſcribed upon the two 
Ades containing the given angle, exceeds the ſquare 
deſcribed upon the fide ſubtending the given angle, 
has a given ratio to the triangle ; which was t 
* a 


PROPOSITION LXV. 
or 66th in other copies. m5 
N any triangle bas any one of its angles given, 
the recbangle contained between the tuo ſides, 
about the given angle, Bas a given ratio to * 


triangle. 


Let ABC be any riangle, which avs one of 
its angles, as ABC, given ; I ſay the Og 
contained between the two 
ſides AB and BC, about the 
given angle ABC, has a gi- 


For, from the point A, let „ 

fall the line AD perpendicular to BC”; then, Prop. 12. 

becauſe the angle ABC is given “, and thi an- ng _—_ 
7 w ypoth. 

gle ADB is a right angle, wherefore the re- 

maining angle BAD * is given, and therefore 7 Prop: 32. 


the triangle ABD is given in ſpecies, and con- n 


& Dat. 4. 


ſequently? the ratio of AB to AD is given; 7 Dat. 40. 
but as Az is to AD, ſo is the rectangle con- n ze 


H 3 tained” 
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tained between AB and BC, to the reQtangle 
Prop. 1. contained between AD and BC *; therefore the 
n. ratio of the rectungle con- 
tained between AB and BC, 
to the rectangle contained be- 
tween AD and BC, is given; 
D E bur the rectangle contained 
Pro 25 . between ADand BC is double the triangle AB Cb, 
Euc. lib. fi therefore the ratio of the rectangle contained 
between AB and BC, to twice the triangle 
ABC, is given, and conſequently the ratio of 
the rectangle contained between AB and BC, 
to the triangle ABC itſelf, is given. 
Therefore, if any triangle has one of its angles 
given, the _— contained between the two 
fedes, about the given angle, has a given ratio 10 
the triangle ; which was to be demonſtrated. 


LE MM 1 | 
If from the vertex of an iſo oſcelous triangle 
4 right line be drawn, cutting -the baſe, the 
fquare of that line, together with the refangle 
contained between the ſegments of the baſe cut off 
by it, will be equal ro the fquare of one * ** 


equal Ades of the trianghe. 


Let ABC be an iſoſcelous . which 
has the fide AB equal to the fide AC, and 
from the vertex A let AD be drawn, cutting 
the baſe BC in D; 1 ſay the ſquare of AD, 
together with the rectangle — between 

f . . BD 


% 
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BD and DC, will be equal to the ſqvare of 7 
AB. For AD muſt either biſect the baſe or 
not; and firſt let it biſect the XNA 
baſe. Then, becauſe the two 
triangles ADB, ADC have all 
their three ſides equal to one | 
another, each to each ©, the B 5 C Prop. 8. 
angle ADB is equal to the angie - ADC, an e 
therefore right angles; wherefore © the une ogy 47. 
of AB is equal to the two ſquares deſcribed up- Eue 
on the two ſides AD and DB; but the ſquare 
of BD is equal to the rectangle contained be- 
tween BD and DC, becauſe BD is equal to DC, 
therefore the ſquare of AD, together with the 
rectangle contained between BD and DC, are 
equal to the ſquare of AB, 
But if AD does not biſect the baſe BC, ee 
the baſe be biſected at E, join EA, then will 
each of the angles AEB, AEC A 
be right angles, as before: then 
becauſe the line BC is equally 
cut at E, and unequally cut at 
'D, the rectangle contained be- B DE | 
tween BD and DC, together with the ſquare of 
DE, are equal to the ſquare of BE*; add the*Prop. 8 
ſquare deſcribed upon AE to both, then will Eue. lid.z. 
the rectangle contained between BD and DC, 
together with the two ſquares deſcribed upon 
DE and EA, be equal to the two ſquares de- 
ſcribed upon BE and EA. But the ſquare of 
AB is equal to the two ſquares of BE and. 


AS EA, 
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fProp.47. EA, and, for the ſame reaſon, the ſquare of 
Euc. lb. 1. AD is equal to the two ſquares of DE and 
| EA, therefore the rectangle contained between 
BD and DC, together with the ſquare of AD, 

will be equal to the ſquare deſcribed upon AB. 

1 bangers, &c. which was to be demonſtrated. 


5 


PROBLEM. 


From a given point, out of an infinite right 

line, given in pofition, to draw a line making an 

angle with the given line, qua] to a right lined 
angle given. 


Let AB be a given right line C, a point out 
of it, D, a given right lined angle, it is requir- 
C ed, from the point C, to draw a 


. line, making an angle with the 
line AB, equal to the given an- 


4 E B gle D; tale any point in the 
| line AB, as E, and with the 
line EB, ns at the point E, conſtruct the an- 
Bar kv: gle BEEF, equal to the angle Ds; through the 
31. Point C, draw the line CG parallel to EF b; 
Fu: acct 1. then, becauſe CG is parallel. to FE, and cut 
by the line AB, the outward angle FEB is 
elbe 19. equal to the inward oppoſite angle CGE '; but 
"the angle FEB is equal to the given angle PD, 
therefore the angle CGE is equal to the given 
angle D; hence the line CG is drawn from the 
given 


 EUCLIDs DATA. 
given point C, making the angle CGE equal 
to the given angle D; which was to be done. 


| PROPOSITION LXVI. 
or the 67th i in the other copies. 


177 any right lined triangle have one of its an- 
gles given, then will the exceſs, by which the 
\« ſquare deſcribed upon the two fides containing the 
Wo angle, conſidered as one line, exceeds the 
ſquare deſcribed upon the third ſide, pave a given 
ratio to the triangle. 

This Propoſition is demonſtrated four dif- 
ferent ways. 


"The Firſt Demonfration: 
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35 ABC be a triangle, which has the angle 


ABC given; I fay, the exceſs by which the 


| ſquare deſcribed upon AB and BC, conſidered 


as one line, exceeds the ſquare of the third 
| tide AC, has a given ratio to the triangle 
ABC. 

For produce AB, and cut a part of it, a8 
BD, equal to BC ER; join (£ 
DC, which produce at plea- 
ſure through the point A; 
draw AE parallel to BCl; 
then, becauſe the angle ABC | 
is given, wherefore ® the 


angle CBD is given, 3 » the ſum pe” 


E Prop. z. 
Euc. lib. 1. 


Prop. 31. 
Euc. lib. 1. 
m Prop. 13. 
Euc. w. 5 
D & Dat. 4. 

a Prop. {uſe 
Euc. lib. 1. 
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the two angles BCD and BDC is given; but 

the triangle BCD is iſoſcelous, therefore each 

Keg of the angles BCD and BDC are given®, 
, 17” - wherefore * the triangle 
CBD is given in ſpecies ; 
and the ratio of BD to DC 
is given, wherefore d the 
ratio of the ſquare of BD 
AR to the ſquare of DC is gi- 

Prop. 2. ven. Again, becauſe BC is parallel to AE 7, 
nn AB is to BD, ſo is EC to CD; but as AB 
is to BD, ſo is the rectangle, contained between 

*Prop. 1. AB and BD, to the ſquare of BD* ; and, for 


1 


| _ lib.6. the ſame reaſon, EC is to CD, as the rectan- 


gle, contained between EC and CD, is to the 

ſquare of CD; therefore, as the rectangle, con- 

tained between AB and BD, is to the ſquare of 

BD, fo is the rectangle, contained between EC 

and CD, to the ſquare of CD; and by alterna- 

Frop. 16. tion ſ, as the rectangle, contained between AB 
. and BD, is to the rectangle contained between 
EC and CD, fo is the ſquare of BD to the 

ſquare of CD; but the ratio of the ſquare of 

BD to the ſquare of CD is given, therefore the 

ratio of the rectangle, contained between AB 

and BD, to that contained between EC and 

CD is given ; but BD is equal to BC, therefore 

the ratio of the rectangle contained between 

AB and BC, containing the given angle to the 
rectangle contained” between EC and CD, is 

Pat. 65 given; but * the ratio of the rectangle, con- 
| | TE. | tained 
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| tained between AB and BC, to the triangle 
ABC, is given, therefore the ratio of the= Dat. 8. 


rectangle, contained between EC and CD, to 

the triangle ABC, is given. Again, becauſe 

BC is parallel to AE, the angle CBD is equal 

to the angle EAD *, and the angle ADE is" Prop. 29, 
common, wherefore the triangles EAD, CBD Euc. lib. 1. 
are {imilar* ; but CB is equal to BD, therefore *Prop. 4. 
EA is equal to AD. Hence the line AC is Fuc. lib. 6. 
drawn from the vertex of the iſoſcelous tri- y 


angle, cutting the baſe at C, conſequently 77 Lemma 


the rectangle contained between EC and CD, 


together with rhe ſquare of AC, are equal to 


the ſquare of AD; but AD is equal to AB, a 
BC, taken together, wherefore the rectangle, 


contained between EC and CD, is the exceſs 
by which the ſquare of AB, BC, conſidered as 
one line, exceeds the ſquare of the third ſide 
AC; but the ratio of that rectangle to the 

triangle ABC is given, by the above demon- 


Therefore, if any angle of a triangle be given, 
then will the exceſs, by which the ſquare deſcribed 
upon the two fides containing the given angle, 


Conſidered as 'one line, exceeds the ſquare deſcribed 


upon the third fide, have a given ratio to the tri» 
angle; which was to be demonſtrated. 


tos EUCETI * -D ATA: 


2 be Second Demonſtration. 


3 the conſtruction remain the ſame as be- 


| fore, -from the Point B draw BF perpendicular 
« Prop. 12. to CD *, and join BE ; then, becauſe the an- 


. gle ABC is given” „the angle 
rope. CBD is given, and conſequently 
Euc. lib. 1. the angles BDC and BCD are 
& Dat. 4. each given; but the angle DFB 


is a right angle, wherefore the 


3 ' 
1 N A B remaining angle FBD is given ©, 


& Dat. 4. and conſequently * the triangle BFD is given 
5 1 40. in ſpecies ; ; wherefore © the ratio of BF to FD 


ern 3. is given. For the ſame nden. the ratio of 


f Dat. 8. BF to CF is given, therefore * the ratio of DF 


Dat. 6. to FC is given, and conſequently 5 the ratio of 
DC to DF is given ; but the ratio of DF to BF 


\ * is given, wherefore h the ratio of BF to CD is 


given; but as BF is to CD, ſo is the rectangle, 
contained between BF and EC, to the rectan- 


i Prop. 1. gle contained between DC and CE, therefore 
Eue. ib. 6. the ratio of the rectangle, contained between 


BF and EC, to the rectangle contained between 
EC and CD, is given; but the rectangle con- 
tained between EC and CD, is the exceſs by 
which the ſquare of AB and BC, conſidered as 
one line, exceeds the ſquare of the third ſide 
AC, by what has already been demonſtrated, 
and the rectangle contained between BF and 


bus hö. von is equal to double the triangle BCE *, 


there= 


"a. 


FE. V ˙¹ümmñ e . Ü] , 
. 7 * 


— 


FI D 10 
therefore the ratio of the exceſs by which the 
ſquare of AB and BC, conſidered as one line, 
exceeds the ſquare of AC, to twice the trian- 

gle BCE, is given, and conſequently the ratio 
of that exceſs, to the triangle, BCE, itſelf is 
given; but the triangle BCE is equal to the 
triangle ABC!, therefore the ratio of the ex- Prop. 37 
ceſs by which the ſquare of AB and BC, con-EFuc. lb. i 
ſidered as one line, exceeds the ſquare of the | 
third fide AC, to the triangle ABC, is given. 
Therefore, &c. which was to be demonſtrated. 


The Third Demonſtration. 


The given angle ABC muſt either be a right 
angle, an acute angle, or an obtuſe angle. 
Firſt, let it be a right angle: then will the 
ſquare of AB and BC, conſidered as one line, 
be greater than the two ſquares of NA 
AB and BC, by twice the rectan- 
gle contained between AB and . 
BCN; but the two {ſquares AB | Prop. 4. 
and BC are equal to the ſquare B e Euc-lib.2, 
of AC, therefore twice the rectangle, con- Prop. 47. 
tained, between AB and BC, is equal to the Fuc. lib. i. 
exceſs by which the ſquare of AB and BC, con- 
ſidered as one line, exceeds the ſquare of the 
third ſide AC; but the rectangle, contained be- 
tween AB and BC, has a given ratio to the tri- 5 
angle ABC, wherefore twice the rectangle, Dat. 65. 
contained between AB and BC, has a given ra- 
tio to the triangle ABC. | Again, 
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Again, let the given angle ABC be an acute 

angle: from the point A draw the line AD, 
PPro as perpendicular to BC”; then, becauſe the tri- 
mY . 2 ABC is an acute angled triangle, and 
from the angular · point A, AD 


A f 
| 5 is drawn perpendicular to BC, | 
Er. Ib. 2 | therefore * the two ſquares, de- 

— ſcribed upon AB and BC, ex- 


B D ceed the ſquare of AC, by 
twice the rectangle contained between BC and 
BD; but the ſquare of AB and BC, conſidered 
as one line, exceeds the two ſquares of AB and 
BC, by twice the rectangle contained between 

— 4+ AB and BC”, therefore the ſquare of AB and 
b. 2. BC, conſidered as one line, exceeds the ſquare 
of AC, by twice the rectangle contained be- 
tween BC and BD; together with twice the 
rectangle contained between AB and BC, that 
is, twice the rectangle contained between. AB 
| _s BD, conſidered as one line, and the line 
. Again, becauſe the angle ABD is given, 
and ADBis a. right angle, the remaining third 
f Prop. 32. angle BAD is given *, and conſequently * the 

3 54, triangle ABD is given in ſpecies z wherefore 
t Dat. 40. the ratio of AB to AD is given, and the ratio 
; Def: 3 3- of BD to AD is given, therefore “ the ratio of 
” Dat 32. AD, BD, conſidered as one line, to AD is gi- 
ven; but as AB, BD, conſidered as one line, is 
to AD, ſo is the rectangle contained between 
AB, BD, as one line, and the line BC, to the 


| CET” contained berween AD and BC*, 
ac . 6 Cn Rs be, there- 


| EUGhk1D% DATA; 

therefore the ratio of the rectangle contained 
between AB, BD, conſidered as one line, and 
the line BC, to the rectangle contained between 
AD and BC, is given, and therefore twice that 
rectangle to the rectangle contained between 
AD and BC is given: but before it was prov- 
ed, that twice the rectangle contained between 
AB, BD, conſidered as one line, and the line 
BC, is the exceſs by which the ſquare of AB, 
BC, conſidered as one line, exceeds the {quare 
of AC; and the rectangle contained between 
AD and BC is equal to double the triangle 
ABC, therefore the ratio of that exceſs to! Pro N. 
double the triangle, and conſequently to the 29 55 
N ABC, itſelf is * 


85 Laſtly, when the given angle ABC is an 
2 obtuſe angle: from the point A draw AD per- 
pendicular to CB*, which cuts it produced at* Prop.12, 


D, and make BE equal to AN : Mt 


BD; then, becauſe the two 
ſquares of AB and BC are 
ſmaller than the ſquare of N 
AC, by twice the rectangle — 
contained between DB ad B 55 

BC *, that is, by twice the rectangle contained * Prop. 12. 
between EB and BC; but the ſquare of AB, n 
BC, conſidered as one line, is greater than the 

two ſquares deſcribed upon AB and BC, by 

twice the rectangle contained between AB and 

BC „ therefore the ſquare of AB, BC, conſi- v pro. 4 


dered Euc. lib. ay 
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dered as one line, exceeds the ſquare of AC, 
by twice the rectangle contained between AE 


A and BC. Again, becauſe 
| the angle ABC is given, | 
1 i | Re: bb. wherefore © the angle ABD 


is given, and the angle ADB 
5 ＋ is a right angle, therefore 
Nope „„ M ͤo· By remaining angle DAB. 
_ e i given, and conſequently © the triangle ADB 
Dat. 40. is given in ſpecies z wherefore* the ratio of AD 
Def. 3. to AB, and alſo the ratio of AD to DB or 
of this. 
or BE, which is equal to it, is given, where- 
= Dat. 5. fore 5 the ratio of AD to AE is given; but as 
: and 8. AD is to AE, ſo is the rectangle, contained 
between AD and BC, to the rectangle contain- 
Prop. 1. ed between AE and BC h; therefore the ratio 
1 n rectangle, contained betweem AD and 
1 Ces, to the rectangle contained between AE 
| 8 and BC is given, and conſequently the ratio of 
the rectangle contained between AD and BC, 
to twice the rectangle contained between. AE 
and BC, is given; but the rectangle, contain- 
| ed between AD and BC, is equal to double the 
IT} Prop. 41. triangle ABC i, and twice the rectangle, con- 
Euc. lib. i. tained between AE and BC, has been proved 
to be the exceſs by which the ſquare AB, BC, 
conſidered as one line, exceeds, the ſquare of 
the third ſide AC; wherefore the ratio of that | 
exceſs, to double the triangle ABC is given, 
and conſequently the ratio of that exceſs to the 7 
1 triangle ABC itſelf is given. . =. 
1 | | 5 Fa i Z T ber e- 
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Therefore,” if any right lined triangle, Keef 
which Ty als 9 9 8 


„ be F. ourth Demonſtration. 


eee CB, and make BD equal to BA; 
from the points B and D, draw the 1 25 DE, 
BF making the angles DEA, 
BFA, each equal to the angle 
BAD, *and draw GB per- 
pendicular to AC, cutting it | 
in Gi; then, becauſe BA is EF ! Prop. 12, 
equal to BD, * each of the 50 
angles BAD and BDA are ial to half the and 32. 
angle ABC; but the angle ABC is given®, ow ys Fa 

Wanne each of the e BAD, ADB are * 


K Abone 
Problem, 
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| 5 and the ratio of DA to AB is given, Dat. 49. 
Again, becauſe the angle DEC is equal to the 

angle ADC, and the angle DCE is common, 2 
cherefore the remaining angle EDC is equal 2p : Prop. 5 
ds the remaining angle DAC: and f as EC is Eue. lib. i. 
BT to CD, fo is CD to CA; wherefore* the rectan- ©? Euc. Eb. 
38 gle contained between EC and CA is equal to _—_ +4 
che ſquare of DC, that is the ſquare of AB, BC Rue. lib 1 
WW conſidered as one line. But the rectangle con- 

BY tained between EC and CA exceeds the ſquare 

of AC, which is the third ſide of the firſt trian- 

| gle by the rectangle contained between EA and 

AC"; wherefore the ** wegung "I = ny 4.4 
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EA and AC is the exceſs by which the ſquare 
of AB, DC, conſidered as one Line, exceeds the 


E ſquare of the third ſide AC. 
a Ed Again, becauſe the angle 
98 Eb is equal to the angle 
5 * G. DAC, and the angle ADB 
Z_N equal to the angle DAB, 
* therefore the remaining angle 


BAC 8 1 to the remaining angle EDA; 


| * Conftru- but the angle DEA is equal to BFA, where- 


ction. fore the angle AB is equal to the angle EAD; 


| Rue K 1. and as AD is to AB, fois EA to FB; but the 


7 Prop. 4. ratio of AD to AB is given, wherefore the 
Euc. lib.6. ratio of EA to BF. is given. Again, becauſe 

the angle BFG is given, and the angle BGF is 
2 prop. 32. a right angle, wherefore the remaining angle 
2 lib. 1. GBF is given, and conſequently the triangle 
9 2 * 48 BGF is given in ſpecies, wherefore the ratio 
» Def. 3. of BF to BG is given; but before it was proved 
— that the ratio of EA to BF was given, therefore 
« Dat. 8. © the ratio of EA to BG is given. But as EA 

is to BG, fo is the rectangle contained between 


EA and AC to the rectangle contained between 


4 Prop. 1. BG and AC, wherefore the ratio of the rectan- 


E uc. lib. 6. gle contained between EA and AC to the rect- 
angle contained between BG and AC is given, 
and conſequently the ratio of twice the rect- 

angle contained between EA and. AC to the 
rectangle contained between BG and AC is 
given; but before we proved twice the rectangle 

my Tongues between EA and AC equal to the 
Wo : 4 Excels 


ea ID: DATA , mg 
Exceſs by which the ſquare of A and BC, | 
conſidered as one line, exceeds the ſquare of the 


third ſide AC; and the reftangle contained bw 5 

' tween BG and AC is © equal to double the tri- *Pro . ü 

angle ABC; wherefore the ratio of that exceſs . l 
to double the triangle ABC is given, and con- 

ſequently the ratio of that excels to the triangle 


ABC itſelf is given. | 
Therefore, if any one angle of a triangle be | 


ms Kc. which was to be demonſtrated. 


PROPOSITION LXVIE:- - 
or 68th in other copies. | 


| Br”. two 8 e have « a given 


ratio to one another, and if one fide in the one 


have a given ratio to one fide in the other, the 


remaining fide in the one will have à given ratio 
tio the remaining fide in the other. 


Let AC, EH be two equiangular parallelo- | 


grams which have a given ratio to one another, 


and let the fide AB have:ea 68 FH 
given ratio to the ſide EF, 

Tay the fide BC will-alfo 28 
have a given ratio to the | | 
fide EG. For produce the 1 n 


ade DA, and cunſtruct the 8 Ha 5 P 


allelogram AL equal to K * 
TNA Then becauſe the dane AC {Pro wry 
has a given ratio to EHs, and AL, is equal 9 ib 1. 
EH, chrefor AC has a given ratio to AL; but n 
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1 Prop. 
Euc. tho 73 
* Hypoth. 


P 


me. ue BAA 
Prop. 1. as AC is to AL, fo | 


is CB to BL b, Cr BP Va 


Euc. lib. 6. the ratio of CB to BL is given. Again, be- 


II 
2 


cauſe AL is equal to EH, 


and they are equiangular, 
wherefore'as AB is to EF, 


| fo is EG to BL; but the 
ratio of AB to EF is given &, * 


wherefore the ratio of EG 
to BL is given; but before 


it was proved that the ratio of CB to BL was 
given, and now the ratio of GE to BL is | 
I Dat. 8. given, wherefore | ms ratio of BC to EG is 


Iven. 


7 berefore, if jb ar parallelagrams 


Have a given ratio to one another, and if one fide 
in the one, has a given ratio to one ſide in the other, 

the remaining fide in the one will have à given 
ratio to the remaining fide in the other ; J which 
d to be TIO 


This propoſition i is alſo demonſtated i in the fol- 
lowing manner, 


Let M be a Line of any given magnitude, 


— 
K 


— tu. — 


Def. 2. "= is — therefore ” * is given. Again, 


H and ſince the ratio of the 
"| rn AC to the 
3 EH is given, 
F let M be to K as AC is to 
” EH, wherefore the ratio 

of M to K is given; _. _- 


ſince 


ſince the ratio of AB to EF is given, let the 

ratio of M to L be equal to it, then is the ratio 

of M.to L given; but M is given, wherefore * * Dat. 2. 
L is given: now ſince L is given, and K alſo 

given, wherefore ? the ratio of, L to K is given. o Dat. 1. 
Again, becauſe the parallelogram AC is equi- 
angular to the parallelogram EH, therefore? ?Prop. 23. 
the parallelogram AC is to the parallelogram * 
EH in a ratio compounded of AB to EF, and 

of BC to EG; but M is to K, as AC is to EF, 4 Conſtru- 
therefore M is to K in a ratio compounded of AB (tion. 

to EF, and of BC to EG; but MistoKin a 

ratio compounded of M to L, and of L to K, 
wherefore the ratio compounded of AB to EF, 

and of BC to EG, is equal to that which is com- 
Pounded of M to L, and of L to K; but the 

ratio of AB to EF is equal to the ratio of M 

to L, wherefore the ratio of BC to EG is equal 

to the ratio of L to K; but the ratio of 1 

K is given, wherefore the ratio of BC to EG is 
given. | 

Therefore, if two. ge poralllgrani, 

dec. which was to be lo demenfirated. 


' COROLLARY. 


"How this propoſition it allows, that if 2 
triangles have a given ratio to one another, and. 
if they have one angle in the one equal to one angle | 
in the other, and if one of the fides in each tri- 
angle about the equal angles have 8 given ratio to 
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ene another, the other fide about the equal angle 
inthe one triangle will likewiſe bave a given ratio 
to the other fide e, _=— in the other 
Wann i 
Let ABC, Din de ee having a 
—_ ratio os one another, and let the angle 
| BAC be equal to the angle 
E, and let the ratio of AB 
| to DE be given; I fay the 
c ratio of the other fide AC, 
„in the triangle ABC, to the 
other ſide DF, in the triangle 
EDF is alſo given. For com- 
pleat the parallelograms AG, 
DH; then, becauſe the tri- 
angles ABC, EDF are each 
© Fx half _ no parallelo- 
+ ache triangle ABCis to the 
triangle EDF, ſo is the paral- 
lelogram AG to the parallelo- 
— bn che ratio of the triangle ABC 
t os. to the triangle EDF is given, wherefore the 
| ratio of the parallelogram AG to the parallelo- 
gram DH is given, and the angle BAC is equal 
to EDF, and the ratio of AE to DE is given, 
therefore by the above propeſkion the ratio 
ere wer e N 158 


* This is corollry in not in the other aliens. 


EC 
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PROPOSITION. 1xvmr. 
FF both i in other copies. 


fn t erdiileproms have their angles avis; | 
and have a given ratio to ene another, and if one 
| fade of the one have a given ratio to one fide of the 
other, the other fide in the one, will likewiſe have 
à given ratio to the remaining fide in the other. 

Let AC and EG be two parallelograms which 
have the angles DAB, HEF given, and let AC 
have a given ratio to EG, L D K C 


aid lx he . / 7 
given ratio to EF; I ſay the 2 W 


remaining ſide BC will like- ,- 

wiſe havea given ratio to the 

remaining EG. F irſt, if the : | 

angle DAB be equal to the angle HEF, the pro- 

| Poſition in that Caſe is manifeſt from the 67th 
Pata; but if the angle DAB is not equal to the 

angle HE, with Te line BA, and at the "—M / 

A, conſtruct the angle BAL, equal to FEH „Prop. 23» 

150 compleat the parallelogram AK; then, Ba — 

cauſe the ratio of AC to EG is given, and AC ey e 


is equal te the parallelogram AK?; wherefore * oo 


the ratio of AK to EG is given; but AK is OE 


equiangular to EG*,. and AB has a given ratio = Conftru- 
to EF', wherefore® the remaining ſide BK has a By 4 
given ratio to the ſide FG. Again, becauſe the , Dt 67. 

angles ABC, ABK are each given, therefore“ 7 


the angle KBC is given, and the angle KCB i is Pat. . 


I 4 | given, 
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PD. 


Dat. 40. 


F Def. 3. 


Dat. 


1 Dat. 8. 
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given, wherefore © the remaining angle BKC is 
L K C given, and conſequently * 
5 the triangle BKC is given in 
ſpecies, wherefores the ratio 
of BC to BK is given; but 
it has been proved that the 
ratio of BK to EG is given 
3 the ratio of BC to FG is given. 
Therefore, if two parallelograms have a given 
ratio to one another, and if one fide of the one have 
a given ratio to one fide of the other, the other fide 
inthe one will likewiſe have a given ratio to the 
remaining fide in the. other, ; mary was to be 
9 


1 


COROLLARY. 


From this Propoſe tion it let if 1200. trian- 
ples have a given ratio to one another, and if one 
angle in each of them be given, and if . one fide 


about the given angle in the one has a given ratio 

to one fide about the given angle in the other, then 
will the remaining fide about the &1ven angle in 

one have a given ratio to the remaining fide about 


the given angle in the other triangle“. 

Let ABC, DEF be two triangles which have 
a given ratio to one another, and let the angles 
BAC, EDF be each given in magnitude, and 
let the fide AB have a given ratio to the ſide 


: DE, then will the other ſide AC have likewiſe 
1% This corollary is not in the other editions. 


a given 
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x given ratio to the other ſide DF. For com- 
pleat the two parallelograms AC, DH; One 
becauſe the triangles ABC, La | 
DEF are each the half of the 
parallelograms AG, *. N 
reſpectivelyʒ therefore k as 
the triangle ABC is to the 


triangle DEF, ſo is the paral- Eue. op. 5 
lelogram AG to the parallelo- 

gram DH; but the ratio of 

the triangle ABC to the tri- ox | 
angle DEF is givenl, there- „ 1 Hypoths* 


fore the ratio of the parallelo- 
gram AG to the parallelo- 
gram DH is given, and the 
angles BAC, EDF are each 
given in magnitude, and the ratio of AB to DE 

is given; therefore by the above propoſition. * Hypoth. 
the ratio of the remaining ſide AC to the; re- 
maining on DF is alſo given. | 


0 


PROPOSITION ILXIX. 
br poth in other copies. 


F the 44. of two rater parallelogriams, 
or two parallellograms whoſe angles are given, 
though not equal, have given ratios to one another, 
each to each, theſe parallelograms will ao have a 
given ratio to one another. : 

Let AC, EG be two parallelograms which 


are — equiangular, or have their angles given, 
| _—_ 


% 
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though not equal, and let the ſides AB, EF: 
__ a ny ratio to one another; alſo let the 
5 „ ſides BC, EH have a given 
ratio to one another; I ſay 
the parallelogram AC has 
a given ratio to the paral- 
F Idogram EG. Firſt let 
them be equiangular: pro- 
duce the line CB, and compleat the-parallelo« 

Prop.45. gram AL, equal to EG, then, becauſe AL 

bee lhi.] is equal to EG, and they are equiangular, rhere- 
2 fore ® it will be as AB is to EF, ſo is EH to 
Eue. lib:6. BI.; but the ratio of AB; to EF is given, where- 
5 fore the ratio of EH to BL. is given; but the 
p E ratio of CB to HE is given, wherefore à the 
Pat. 8. ratio of CB to BL is given. But as CB+is' to 
BI, ſo is the parallelogram AC to the paral- 
1. lelogram AL.“, wherefore the ratio of the paral- 


Bu. lib. lelogram AC to the parallelogram AL is given; 


f Conſtru- but AL is equal to EG,, conſequently the ratio 


Aion. of the parallelogram AC to the | PROG am 


EG is given. 
But if the angle ABC i is not onal to the 
angle EFG, with the line 
Ag and at the point B con- 
ſtruct the angle ABK equal 
to EFG*, and compleat 
the parallelogram AK; 
then, becauſe the angles 
ABC, ABK are each 
gle 
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gle BCK is given , wherefore the remaining *Prop. 29. 

angle BRC r is given, conſequently * the trian- peg wy 

gle BKC is given in ſpecies, wherefore * the / prop. 32 e 

ratio of BC to . is given; but the ratio of BC Tags con ya 

to FG is given, wherefore © the the ratio of BK © 2 = 

to FG is given; but the ratio of AB to EF is Def. 3. 

given®, hence there are two equiangular paral- Ons 

lelograms AK and EG, whoſe ſides AB, EF, « Da. 8. 

BE, and FG, have given ratios to one another, i 
| eack to each; by the above demonſtration the 

parallelogram AK has a given ratio to the pa- 

rallelogram EG; but the parallelogram AK is 

_ equal to the parallelogram Ace, wherefore the. Prop. 35. 

parallelogram AC 10 a given ratio to the pa- wan 

rallelogram EE. . 

© * Therefore, if the fide of two ejuiangular pa- 

rallelograms, or two parallelograms whoſe angles 

are given, though not equal, have given ratios to 

one another, each to each, theſe parallelograms 

will alſo have @ given ratio to one another; Aer 0 


was to be — 


Conortiny to PrRoPos8ITION. 
This is PRoposIT1ON 72 in the other Copies. 
If to triangles have one angle of the one equal 
to one angle of the other, or one angle in each given, 
though not equal, and if the fide about the equal 


or given angles have given ratios to one another, 
each to each, the triangles will alſo have a 22585 | 


Lee 


ratio 40 one another. 
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Let there be two er ABC and DEF, 


which have the mage ABC, DEF equal to one 
another, or not equal, but 


> given ratio to DE. and BC a 


given ratio to EF; I fay the 
TT => triangle BAC will have a 


2E FP given ratio to the triangle 
DEE." "For compleat the parallelograms BG 
and EH: then becauſe the parallelograms BG 
and EH have the angles ABC, DEF equal to 
one another, or not equal, but given, and the 
ſides about the equal angles have a given ratio 
to one another, each to each, by the above pro- 
poſition the parallelogram AG has a given ratio 


to the parallelogram EH; but the triangles 


ABC, DEF are each half the parallelograms 


2 51 BG, EH, therefore as the triangle ABC is to 


— . 


2 


the triangle DEF, ſo is the parallelogram BG 
to the parallelogram EF; but the ratio of the 
parallelogram BG to the parallelogram EF is 
given, therefore. the triangle ABC has a 880 
ratio to the triangle DRE. 
PROPOSITION Bo e 
T his Propoſition i is the 73d in other copies. 


If fro Parallelograms be equiangular, or not 
equiangular, but have their angles given, and if 


one fide of one of them have a given ratio to that 


_ line which is a fourth proportional ta the | 
' other 


to M, therefore as AB is to . 
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other fide of the ſame parallelogram, and the two 
Ades of the other parallelogram, theſe parallelo- | 


* grams will have a given ratio to one another. 


Let AC, EG be two parallelograms, either 
equiangular, or which have their angles given, 
and let M be a fourth proportional to AB, EF, 
and EH, and let BC have a given ratio to M; 

I fay the parallelogram AC will have a given 
ratio to the parallelogram EG. 5 
For firſt let the parallelograms Ac, EG be 
equiangular; produce BC, and make BK equal 
to M, and compleat the pa- D CH 8 
rallelogram AK; then, be- 
cauſe AB is to EF, as EH 
is to Me, but BK is equal 


Ef, ſo is EH to BK; and 
the angle ABK is equal to GHE, wherefore the 
parallelogram AK is equal to the parallelogram 


EG. But as CB is to BK, ſo is the parallelo- 2 14. 


Euc. lib. 6. 


gram AC to the parallelogram AK”; but the 5p. 
ratio of BC to BK is givenk, wherefore the Euc. b.6. 


ratio of the parallelogram AC to the parallelo- * Hypoth. | 
E . gram AK is given; but AK is equal tO EG, 


wherefore the ratio of che ee on AC to 

the parallelogram EG is given. 
Again, if the parallelograms AC, EG are 

not equiangular, but the angles ABC, HEF 

are given; then, with the line AB, and at the 

point B, conſtruct the angle ABK, equal to Prop. 28. 
e , and compleat the ans ets AK”; . 5 
| | ; then Euc. Iib. 1. 


0 
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chan, becauſe the angles ABC, ARK are each 


„Dat. 4. given by the Hypotheſis, therefore the re- 


8 29. maining angle KBC is given; but * the angle 


97g = BCK is given, wherefore ? the remaining third 


hs Prop. za. angle BKC is given, conſequently the triangle 


ib. I. BRC is given in ſpecies, where- 


Txt E. D Kc fore” the ratio of BC to BK is 


given; but * the ratio of BC to 
HE is given, wherefore * the 


Hypoth. — 
Dat. 8. A HI 1 ratio of BK to EH is given. 
„55 5 But the ratio of AB to EF is 
given?, conſequently the equi- 


angular parallelograms AK, 
EG by the above demonſtration have a given 
ratio to one another; but the parallelogram AC 


Prop. 35. is equal to the parallelogram AK“, wherefore 


Euc. lib. i. the parallelogram AC has a given ratio to the 
| parallelogram Ee. 

Therefore, if two parallelograms be equiangular, 
| or not equiangular, but have their angles given, 
and if one fide of one of them have a given 
ratio to that right line which is a fourth propor- 
tional to the other fide of the ſame parallelogram, 
and the two fides of the other parallelogram, theſe 
parallelograms will have à given ratio to one an- 

other, which was to be demonſtrated. ' 


ConroLLary to PROPOSITION 70. 


If two triangles have one angle in the one equal 
ts one angle in the other, or not. ot equal, but given 
| in 


YC. DATA aun 
3 in magnitude, and if one of the fides, about the 

_ equal or given angles i in the one, have a given ratio 
to ibat line which is a fourth proportional to' the 
other fide, about the equal or given angle, in that 
_ » firſt mentioned triangle, and the two fides in the 
other triangle, which are about the equal or given 
angle in it, the triangles will bave a given ratio 
te ane anotber. 

Let the two e be ABC, DEF, which 

have the angles ABC, DEF either equal, or not 
equal, but given, and let BC | 
be to DE, as EF is to K, and £ 8 
let AB have a given ratio to K, X 
the triangle ABC will have a B 


given ratio to the triangle DEF. RH 
For compleat the parallelo- . 
grams BG and EH“; then, be- ER 1 Prop. 3 1. 
cauſe the angles ABC, DEF | Euc. lib. 1. | 
are either equal, or not equal, but given, and | 
Az has a given ratio to K, which is a fourth 
proportional to BC, DE, and EF, therefore, 
by the above propoſition the parallelogram BG 
has a given ratio to the parallelogram EH, and 
, conſequently 7 the triangle ABC has a \- given v Prop. 13. 
ratio to the triangle DEF“. | Euc. z. 
There is no ſeries in the whole Data more cor- 
rupted than this. Pappus ſays it conſiſts of ſeven 


Propefitions, VIZ. from the fixty ſeventh to the | 


= The above corollary it nat i in we * edi- 
lions f the Data. | 


* 


ſroeny 


1 


5” 2 


— — » 
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EVOL DATE 
ſeventy third incluſive, which, be informs 'us, 
treat of two parallelograms, whith are ſuppoſed 


io have equal or given angles, that the parallelo- 


grams themſelves have given ratios to one another, 
&c. and ſome, be tells us, add to theſe as corol- 
laries, the ſame properties of triangles; and though 


. nothing can be more explicit than that the whole 


ſeries demonſtrate certain properties of parallelo- 
grams; yet in all the editions there are no leſs than 


eleven, and in the whole there are only fix that 


have the appearance of thoſe mentioned by Pappus, 
ſo that one of the ſeven is wanting; this we have 
ſupplied, and mad: it the ſeventy ſecond propofi- 
tion, becauſe from the property demonſtrated by it, 
it appears to be more properly ranged in that Place 


tban any other. One of the eleven, viz. the ſe- 


venty ſixth, evidently belongs to the next ſeries; 


and the ſeventy ſeventh is a part of the fifty fourth, 


which we have there inſerted, as has already been 
taken notice of in our note to that propoſition. Three 
of them are concerning triangles, and becauſe they 
demonſtrate the ſame properties of triangles which 
three in this ſeries do of parallelograms, they are 


three of thoſe which Pappus mentions were added 


by ſome to the propoſitions in this ſeries as corolla- 
ries. And hence, by adding the above mentioned 
propeſition, and by taking away theſe three which 
treat of triangles, and the ſeventy fixth and ſeventy 
ſeventh, which do not belong to it, and by adding 
the ſame properties of triangles as corollaries to 
their reſpective propoſitions, the ſeries, by that 
| I . | means 


EU CLED; DATA; 

| — exaZtly correſponds to that account of it 
given by Pappus: And ſince in the other copies 
there are no more than three of theſe properties 
of triangles to be found, we have Supplied the 
other four. Thoſe which are not in the other 


copies are taken notice of in a note to their re- 


ſpeftive propoſitions. 


PROPOSITIO N LXXI. 
which in other copies is 74. 


If. two parallelograms be equiangular, or not, 


but have their angles given, and if theſe paral- | 


lelograms have a given ratio to one another, then 
will one fide of one of them have a given ratio to 
that right line, which is a fourth proportional to 
the other fide of the ſame parallelogram, and the 
two fides of the other parallelogram. | 

This propoſition is the converſe of the ſeventieth, 
as the ſixty ninth is the conver ſe of the ſixty ſeventh 
and fixty eighth; but as the firſt part of the pro- 
Poſition is the ſame, and demonſtrated in the ſame 
manner, ſtep by ſtep, with the fifty fixth propoſi- 
tion, we cannot help concluding, that either the 
fifty fixth is ſpurious, or this is is corrupted: we 
ſhall therefore paſs over the firſt _ and proceed 
to the ſecond, to wit, 

When the angles ABC, EF G are not equal, 
but given; then, with the line AB, and at 
the point B, conſtruct the angle ABK, equal 


129 


to EFG“, ang compleat the parallelogram «Dia 23. 
AK*; Euc. lib. 1, 


\ 


— 
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Prop. 31. AK*; then becauſe the angles ABC, ABK are 
Hypo. each given ®*, wherefore © the angle KBC is 
© Dat. 4. given; and fince the angle ABC is given, the 
Prop. 29. angle BCK is given, wherefore © the remaining 
25 8 L DU K angle BRC is given, and con- 
Prop. 32. / ſequently the triangle BKC* 
_ m_ is given in ſpecies, and there- 
15 N Fe 7Y d fore® the ratio of BK to BC 
E- Def. 3. - 1 i is given. Again, becauſe the 
Bat. 85 _ | parallelogram AK is equal to 
d Prop. 35. 1 AC, and AC has a given 
Euc. lib. 1, E F ratio to EG, therefore AK 
i Conſtru- has a given ratio to EG; but*AK is equiangular | 
pn 6. to EG, wherefore * KB has a given ratio to 
that line which is a fourth proportional to AB, 
E, and FG; but we have proved that KB has 
! Dat. 8. a given ratio to BC, wherefore | BC will have a 
given ratio to that right line, which is a fourth 
proportional to AB, EF, and FG, 

Therefore, if two parallelograms be equiangu- 
lar, or not, but have their angles given, and if 
theſe parallelograms have a given ratio to one 
another, then will one fide of one of them have a 
given ratio to that right line, which is a fourth 
proportional to the other fide of the ſame parallelo- 
gram, and the two fides of the other parallelogram; 
which was to be demonſtrated. 
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: EC 0 R rr. 
This Corollary is Propoſition 75 in the other 
copies. 


Tf two W have a given ratio to one ano- 
ther, and if they have one angle of the one equal to 
one angle of the other, or not equal, but given, 
| Then will one fide of one of the triangles, about the 
equal or given angle, have a given ratio to that 
right line, which is a fourth proportional to the 
other fide in the ſame triangle, about the equal or 
given angle, and the two fides of the other trian- 
gle, which are about the equal or given angle. 
Let ABC, DEF be two triangles which have 
a given ratio to one another, and let the angle 
ABC be either equal to the AR G 
angle DEF, or not equal, 8 
but given; then will one B HC 
ſide of one of them, as AB, 
have a given ratio to that W 
line, which is a fourth pro- on F 
portional to the other line BC, and the two 
lines in the other, about the equal or given 
angle, to wit DE and EF. For compleat the 
parallelograms BG and EH; then, becauſe the 
triangle ABC has a given ratio to the triangle 
DEF, therefore * the parallelogram BG has a u prop. 15. 
given ratio to the parallelogram EH, and the Euc-lib.s. 
angles ABC, DEF are either equal, or rot 
equal, but given; wherefore by the above pro- 
A 2 | poſition 
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poſition AB will have a given ratio to that line, 
which is a fourth Proportional: to BC, DE, 
and EF. 


% [3 Ip 45 
* 


| PROPOSITION LXXII. 
according to Pappus. This is not in any of the 
8 5 but i is here ſupplied.” a 


Tr there. be 140 ee and if from 
any point in one fide of .tach parallelogram lines 
be drawn, making either equal angles with their 
oppoſite. fides, or angles not equal," but given, and 
if; theſe lines, and alſo the fides from or to which 
they are drawn, have given ratios io one another, 
the parallelograms will hade a N ratio to, one 
anbotber. . 

12 CB and GF be two perallelogranis, and 

B from any point in each of 
, the lines AB, EF, as A 
| 1 +. and E, fig, 1, or K and 
Fig. 1. Ford — — et IM. M., Og. a let the lines 
* — 9 "EE. fig. 1, or EL, 
MN, fig. 2, making equal 
angles, or not equal, but 
given angles, with the lines 
AB, CD, EF, and GH, 
Aer let AK have a given 
ratio to EL, fig. 1, and AB 
to EF, and in hg. 2 let KL 
have a given ratio to MN, 
and AB a given ratio to 
EF 5 
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EF; Ifay the parallelogram CB has a given ra- 
tio to the parallelogram GF. For the aſſumed 
points will either be in the angular points of 
the parallelograms; or not. Firſt 5 Oy be 
in the angular points, as. in. fig. 1; upon 
the baſes AB, EF compleat the paralleloſiabns 


MA, EN; But, if theſe points are not in the Prop. zi. 
K Euc. lib. i. 


angular points of the Parallelograms, but at 
and M, fig. 2, produce the lines AB, EF, 
and make KP, MQ equal to AB and EF, 
each to each, and compleat the parallelograms 
KO and MR; then, becauſe the two parallelo- 
grams AM, EN, fig. 1, and KO, MR, fig. 
2, are either equiangular, or not, but have their' | 


angles given, and the ſides about the equal or 


given angles have given ratios to one another, 
each to each, wherefore the parallelograms AM, 


EF, fig. 1, and KO, MR, fig 2, have alſo n 
given ratios to one another ; but the paral- * Dat. 69. 


lelograms MA, EN are equal to the given pa- 


rallelograms CB, GF?, and the parallelograms P Prop. 35. 
KO, MR, fig. 2. are equal to the given paral- Euc. lib. i. 
lelograms CB, GF, each to each, wherefore 4 Prop. 36. 
the parallelogram CB has a given ratio to the Euc. lib 1. 


| parallelogram GF. 

Therefore, if there be two parallelograms, and 
if from any point in one fide of each parallelogram 
lines be drawn, making either equal angles with 
their oppoſite ſides, or angles not equal, but given, 
and if theſe lines, and alſo the fides from or to 
| which they are drawn, have given ratios ts one 
K 3 another, 
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- 2 2 0 
, ner + 


orie 
| + another, the parallelograms will have a given ratio 
1 to one another; which was to be demonſtrated. 
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| : The ſame things remaining, it 6 * 
10 jf the parallelograms have a given ratio to one 
1 another, and if theſe lines, drawn from a point 
in one ſide of each parallelogram, make equal 
| angles with the other ſide, or angles not equal, 
[$18 but given; then, the ſides, from which theſe 
1  - lines are drawn, will alſo have a given ratio to 
one another; and if theſe ſides have a given 
ratio to one another, and the parallelograms a 
given ratio to each other, theſe lines, drawn 
from the aſſigned points in their ſides, with alſo 
have a given ratio to one another“. 


COROLLARY: IE 
This is PROPOSITION 72 in the other Copies. 


be baſes of two triangles have a given ratio, 
and if lines drawn from their vertexes, making 
either equal angles with their baſes, or given an- 
gles, though not equal, have alſo a given ratio to 
one anotber, theſe triangles will have a given 
ratio to one another. 
Let there be two triangles, as ABC and DEF, 
| whoſe baſes BC and EF have a given ratio to 
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* This corollary is not in any of the other copies. 
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E UC L ID's DATA. 
one another, and from the vertexes A and D 
let the lines AG and DH be drawn, cutting 


the baſes, either. at equal angles, or at given 


angles, though not equal; M 4 K 
and let theſe lines AG, DH c 
have a given ratio to one 


another; then will the trian- BNG D-. CTI. 


gle ABC have a given ratio 
to the triangle DEF. 


For, through the points 2 N 
A and D draw the lines AK, DL, parallel to 
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the baſes BC and EF”, and chrough the points Pro . 
B and E draw the lines BM and EN, parallel Euc. lib. 1. 


to AG and DH, and compleat the parallelo- 
grams BK, EL; then, becauſe from the points 
A and D, taken in the fides of. the paral- 
lelograms BK, EL, the lines AG, DH are 


drawn, making equal or given angles with the 


other ſides BC, EF, and theſe lines AG, DH, 
BC, and EF, have given ratios to one another, 
each to each, therefore, by the above propoſi- 
tion, the parallelogram BK has a given ratio 


angle 


i 


K 4 PR O- 


to the parallelogram EL, and conſequently * Prop. 4 l. 


the triangle ABC has a given ratio to the tri- _ ib. 1. 
4 ; r. 15. 


Euc. lib. 5. 
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PROPOSITION LXXII.. 
which-1 is the 73d by Pappus's account, and the 
78th in other copies. 1 


ee ON ON cents. be 
» 


If a figure given in ſpecies * bas a given ratio 
to a retlangle, and one fide of the figure has alſo 
a given ratio to one fi de of the nn the res- 
angle is given in ſpecies. 
Let ABCD be any right lined figure given 
in ſpecies, and EG a rectangle, and let 
ABCD have a given ratio to EG, and alſo let 
the ſide AB have a given ratio to the ſide 
_ EF; I ſay the rectangle EG is given in ſpe- 
t Prop.46. cies, For upon AB deſcribe the ſquare AL*, 
Euc lib. 1. produce HE, and compleat the rectangle EN, 
Prop. 45. equal to the ſquare AL”; then, becauſe AL 
N is a ſquare, it is given in ſpecies“; wherefore 
Dat. p 
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* This propoſition in other copies is enuntiated 
thus: If a given figure has a given ratio to a 
rectangle, &c. which is a corruption; becauſe 
here the magnitude is ſuppoſed to be given, whereas 
by the firſt ſtep of the demonſtration the ſpecies of 
the figure is the property which is ſuppoſed in the 
Hypotheſis, and not the magnitude; on the con- 
trary, if the magnitude was ſuppoſed to be given, 
the firſt ſtep, and conſequently the whale demon- 
ftration, would be falle; therefore to free the pro- 
poſition of ambiguity, and the demonſtration of 
fallacy, we have altered * enuntiation. 
'2 125 ABCD 
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enen fea | 
ABCD and AL are both given in ſpecies, and | 
deſcribed upon the fame line. AB, therefore | 
the figure ABCD has a given | 


ratio to AL*; but ABCD has AG DN © 
a given ratio to EG, where, | 7 Hypoth. bi 
fore AL has a given ratio to .* Dat. 8. | 
| EG; but AL is equal to EN, 
* therefore EG has a given ratio 1 
to EN; but as EG is to EN, N 
fo is HE to EM*, wherefore Prop. 1. | 
1  Euc. lb. 6. 


HE has a given ratio to EM. LK N ö 
Again, becauſe AL is equal to EN, and equi- > Conſtru- = 
angular to ite, as AB is to EF, ſo is EM to BL Cn] 
p.14 ll 
or AB; but AB has a given ratio to EF, Eue. lib.6. j 
wherefore EM has a given ratio to AB; but, 1 g 
EM has a given ratio to EH, wherefore * HE 2 8. 
has a given ratio to AB; but AB has a given 
e RE ratio to EF, wherefore® HE has a given ratio Dat. 8. 
to EF; hence the parallelogram EG has all 
d RE its angles given, being right angles, and its | 
2 EE fides have a given ratio to one another, con- | 
2 [EE fequently the parallelogram EG® is given in * Def, z. N 
s WR. ſpecies. 1 
3 Therefore, if a figure given in 1 ſpecies, has a 
given ratio to a reftangle, and one fide of the 
figure has alſo a given ratio to one fide of the rett- 
angle, the rectangle is Oe in ſpecies; Wu 


was to be demonfirated. 


1 
es. 
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|| | "COROLLARY. 
| From hence it A that if a hy given in 
1 | ogg ſpecies has a given ratio to a right angled triangle, 
| | J' and one fide in the figure hath alſo a given ratio 
1 to one of the fides about the right angle'in the tri- 
| 1 angle, the triangle is given in ſpecies. - 
ll | Leet the figure ABCD, given in ſpecies, have 
1 2 given ratio to the right angled triangle EFG, 


D C right angled at F, and let the 
2 ſide AB have a given ratio to 
the fide FG, the triangle EFG 


1 A B is given in ſpecies. For, com- 
il "i H pleat the rectangle FH; then, 
1 becauſe the ratio of the figure 
1 F 6 ABCD to the triangle EFG 


is given; but the triangle EFG is half the pa- 
1 Prop. 41. rallelogram FH', wherefore the ratio of the 
it Eue. Ib. 1. figure ABCD to the rectangle FH is given, 
1 and the ratio of AB to FG is given; therefore 
by the above propoſition the rectangle FH is 
Bt given in ſpecies, and conſequently the ratio of 
Wil EF to FG is given; but the angle EFG is 
1 given, being a right angle, therefore the trian- 
& Dat. 41. gle EFG is given in ſpecies * 25 


. This e is not in any of the other copies, 
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PROPOSITION LXXIV. 
This is PRoPosITION 76 in other copies. 


: 
Y 
15 
* 
1 
{ 
{ 
: 
- 


| if a triangle be given in ſpecies, and from one 


f | of its angles a line be drawn perpendicular to its 
# oppoſite fide, that perpendicular bas a given ratio 

to that fide which it cuts. 
2 i Let ABC be a triangle given in ſpecies, and 
„from the angular point A let AD be drawn 
* perpendicular to BC; I ſay the | 
» © line AD has a given ratio to - 
> y BC. Becauſe the triangle ABC . | 
. 1 is given in ſpecies' „therefore Hyxpoth. 
. I the angle ABD is given” ; and B 3 1 3. 
"0 1 the angle ADB is a right angle, wherefore n up. 50 
G dhe remaining angle BAD is given, and conſe - Euc. lib. 1. 

quently || the triangle ADB is given in ſpecies, & Dat. 4. 
a- | . ET oat [| Dat. 40. 
"A wherefore ® the ratio of AD to DB is given; for“ peg. 3. 
| the ſame reaſon the ratio of AD to DC is Dat. 
oy given, wherefore ? the ratio of BD to DC is» Dat. 8. 
a given, and conſequently 9 the ratio of BC to Dat. 6, 
+ DC is given; but the ratio of AD to DC is 
N given, wherefore the ratio of AD to BC is - Dat. 8. 
given, 

and Therefore, if a triangle be given in ſpecies, 

and from one of its angles a line be drawn perpeu- 
6 dicular to its oppaſite ſide, tbat perpendicular bas a 


given ratio to that fide which it cuts; which r Was 
to be demonſtrated. 
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LE M M A. 
This is Propoſition 79th in the other copies 


. If two triangles bave one angle 'of the one equal 

to one angle of the other, and from theſe equal. 

angles perpendiculars are drawn to the baſes, and 

if the baſes have the ſame proportion to their re-. 
 ſpeftive_perpendiculars, ' the triangles are fimilar. 

Let ABC, DEF be two triangles which have 

the one BAC, EDF equal to one another, 

and from the angular points 

a A and D let the lines AG, 
B @ C DH be drawn perpendicular 

2 * to the Baſes BC, EF, and 
let BC have the ſame pro- 
E H EL F portion to AG that EF has 

to DH; I fay the triangles ABC, DEF are 

ſimilar. For, about the triangle DEF let a 

\ Prop. 5. circle be deſcribed, as EDKF, with the line 
Euc. lib. 4. EF, and at the point E, conſtruct the angle 
Prop. 23. FEK equal to CB At, from the point K draw 

Eve. üb !. KL, perpendicular to EF, join the lines KF, 
Recs. a4 KD; then, becauſe the angle ABC is qual to 
| KEF, and the angles AGB, KLE are right 
Prop. 3a. angles, wherefore“ the triangles ABG, KEL 
 Euc-lid.1- are ſimilar; therefore as BG is to AG, ſo is LE 
=; 04 to KL; for the ſame reaſon as GC is to AG, 
ſo is FL to KL, and conſequently, by com- 
pounding the antecedents, as BC is to AG, ſo 

is EF to KL; but as BC is to AG, ſo is EF 
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to DH*; therefore as EF is to KL, ſo is EF * Hypoth. 


to DH, conſequently ! DI is equal to KL, 7 Prop. 9. 
but DH is parallel to KL, both being perpen- Euc. lib. 5. 


dicular to EF, wherefore DK is parallel and prop. 33. 
equal to HL. Again, becauſe DK is parallel Euc. lib. i. 

to HL", the angle DKE is equal to the angle . Prop. 29. 
KEF; but KEF is equal to the angle ABC, Euc. lib. 1. 
and the angle DKE is equal to DF E; where- v Prop. 21. 


fore the angle DFE is equal to the angle ABC, Fue. b. 3. 


and conſequently © the remaining angle ACD prop. 32. 
is equal to the angle FED, and the triangle Euc lib. 1. 


ABC is ſimilar to the triangle DEF“. Prop. 4. 


Therefore, if tuo triangles have one angle of Euc. ib. 6. 
the one, equal to one angle of the other, and from 
theſe equal angles perpendiculars are drawn to the 
baſes, and if the baſes have the ſame proportion to 
their reſpeftive perpendiculars, the rriangles are 
ſimilar ; tobich was to be arbor ated. 


This lemma is. a remarkable inſtance of by 
great corruption of the manuſcript copies. For, 
after Pappus mentions the laſt ſeven propſitions 
concerning parallelograms, he ſays the next that fol- 
low are fix, two of which are concerning triangles, 
and the other four treat of the properties of more 
than four proportional lines. It is certain that 
the laſt propoſition cannot be one of the corollaries 


bie means, which are laid down as conſequences to 
bpe preceding ſeven propoſitions, becauſe it has no 
manner of connection with Mew: 3 therefore it muſt 


n | be one of the two that be ſpeaks of in this ſeries, 


or 
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or it has not been inſerted in any of the copies ſeen 
by Pappus : in all the other copies there are three 
inſerted in this ſeries that treat of triangles, 
conſequently one of them muſt be ſpurious. The 
above lemma, which in all the copies is uſed as 
one of them, is plainly no way concerning the 
doctrine of the Data, but an elementary propo- 
fition; and its proper place in Euclid's Elements, 
bad it been inſerted, would have been after the 
feventh propofition in the fixth book; and ſince 
it is not, if the demonſtration of the following 
propoſition be genuine, which intirely depends upon 
this lemma, Euclid, according to his own and 
the conflant practice of the Antients, laid it down 
as a lemma for that purpoſe. - Had it been otber- 
wiſe, Pappus would have taken notice of it, and 
conſequently, in place of two he would have told 
us there are three which treat of triangles, and 
in that caſe the ſeries muſt have conſiſted of ſeven 
propoſiti ions, and not of fix; upon the whole, 
it is abſurd to inſert this lemma as one of the 
propoſitions in the Data: neither does it appear 
probable, that it was inſerted in any of the co- 
pies of the Data extant in Pappus's time. For, 


in all the other writings of the Antients upon 
7 eſolution and compoſition, Be car ef ully enumerates 9 


the lemmas as well as the theorems or pro- 


blems ; but takes not the leaſt notice of this. And ö I 
what confiderably ſtrengthens this opinion, is, 1hat "l 


the ſecond demonſtration to the following propei- 
tion, wich does not depend * the lemma, is = 


much 


+» E-UCLIDs DATA. 
much more elegant, accurate, and nattral, than 


the firſt which does, and therefore, by far, has a 


greater probability of being the genuine demon- 
Aration uſed. by Euclid. The firft demonſtration 


is by no means ſo natural, as it neceſſarily reguires 
the introduction of this Lemma; neither is the 
concluſion free of ambiguity, becauſe there is no 


flep in the whole demonſtration that proves the po- 
fition of the line HK * to be ſuch, as either to 
touch or cut the ſegment EDF, upon which the 


whole demonſtration depends; but as the line EK 
may fall without the circumference EDF, at leaſt 
there is no ſtep in the demonſtration 19 prove the 


contrary; therefore the firſt demonſtration of the 


following propofition, which depends upon the 


above lemma, is inconcluſive. Mr. Hardy was 


. ſenſible of this, and endeavours to free it from 


that ambiguity, in a note to the propofition, which 
is, The right line HK muſt either touch or 
cut the circumference of the ſegment FKG; 


if the ſides about the given angle be equal, 


"= 


the line HK will touch the circumference; 
e but if theſe lines be unequal, the line HK 
e will cur the circumference of the ſegment 
6: KG, and therefore in both theſe caſes the 
point K by the twenty fifth Data is given. 

This is his whole explanation, which appears 
to us to be no more * taking the very er in 
queſtion for granted. | 


* See the figure to the following propoſition. 
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 EVCCLIDATA. 

The antient Geometricians carefully avoided ſuch 
. demonſtrations which depended upon principles they 
Found no 'where demonſtrated; and when, from 
neceſſity, ſuch were uſed, the properties upon which 
they depended were premiſed as lemmas. But in this 
there is no ſuch neceſſity, as be had uſed a more 
elegant and conciſe demonſtration, founded on his 
There is not, there- 
fore, the ſmalleſt degree of probability that Euclid 
ſo much as introduced the lemma, and conſequently 
could not inſert the firſt demonſtration Oo the fol- 
towing propoſition. 


i 


PROPOSITION LXXV. 
This is Propoſition Soth in other copies. 


If a triangle has one angle given, and if the 


rectangle contained between the two fides about the 


given angle has a given ratio to the ſquare of the 
bird fide, the triangle is given in ſpecies. 

Let ABC be a triangle which has the angle 
BCA given, and let the 
rectangle, contained be- 
tween BA and AC, have 
a given ratio to the ſquare 
of the third ſide BC; I ſay 
the triangle ABC is given 
in ſpecies. For, draw the 
right lines AD and BE 
from the points A and B, 


E to BC and AC reſpectively ; then, 
* 


28 8. 
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becauſe the angle BAC is given, and the angle * Hypoth, 
BEA is a right angle, wherefore the remaining | 
angle EBA is given, and conſequently © the tri- ( Prop. 32. 


PU a 3 h Euc. lib. 1. 
angle ABE is given in ſpecies; wherefore * the 12 


ratio of AB to BE is given. But, as AB is to- Pat. 40. 
BE, ſo is the rectangle contained between AB and ® Def. 3. 
Ac to the rectangle contained between BE and 8 
Aci; but the rectangle contained between BE Prop. 1. 
and AC is equal to the rectangle contained be- N 
= tween BC and AD, becauſe each of them is equal 


to double the triangle ABC Kk; wherefore the ratio Prop. 4l. 


of the rectangle contained between AB and AC Eue. lib. i. 
to the rectangle contained between AD and BC 
is given; but the ratio of the rectangle contained 
between BA and AC to the ſquare of BC is 
given 
contained between AD and BC to the ſquare of Dat. 8. 
BC is given; but“ as the rectangle contained Prop. 1. 
between AD and BC is to the ſquare of BC, ſo * 


i, wherefore® the ratio of the rectangle ! Hypoth. 


is AD to BC; wherefore the ratio of AD to 


4 BC is given. Again, let FG be a right line 


given in magnitude and poſition, and upon FG 
deſcribe a ſegment of a circle containing an 


| angle in it, equal to the given angle BAC, o prop. 3;. 
which let be FKG; at the point G draw a line Euc. lib. z. 
at right angles to FG, which let be GH; prop. 11. 
find a fourth proportional to BC, AD, and FG, Euc. lib. 1. 
= which let be GH; through the point H draw a Prop. 12. 
= HK parallel to FG*, which cuts the circumfe- Euc. lib. 6. 


r Prop. 31, 


1 rence of the circle in K; from K draw KL Euc. fib. 1. 
| perpendicular to FG, and join the lines FK * Prop. 12. 


L and Euc. lib, 1, 
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and KG; then, becauſe BC is to AD as FG is to | 
GH, and the ratio of BC to AD ts given, where- 
fore the ratio of FG toGH 
is given; but FG is given 
in magnitude, wherefore 
——_— GH is given in magni- 
t Das. ©. | K H tude*; but becauſe FG is 
given in poſition, and the 
angle FGH is a right an- 
gle, therefore GH ' is given 
E in poſition; but it 1s given 
in magnitude. and the point G is given, where- 
„Pat. 27. fore" the point H is given, wherefore HK * is 
Pat. 25: given in poſition. Again, becauſe FG is given 
in magnitude and poſition, and the angle FKG 
| is given, being equal to BAC, wherefore the 
7 Def. 3. ſegment FKG is given in poſition”, conſe- 4 
* Dat. a5 quently * the point of interſection K is given. 
5” But the points F and G are each given, where- 
« Dat. 26. fore * the lines KF, KG are each given in mag- 
» Dat, 39. nitude, and conſequently ® the triangle KFG is 
| given in ſpecies. But becauſe BC is to AD, as 
prop. 34. FG is to GH, and GH is equal to KL*®, where- 
Euc. lib.1. fore as BC is to AD, ſo is FG to KL, and the 
« Conftru- angle BAC is equal to the angle FKG a where- 
Qtion. fore, by the preceding lemma, the triangle 
ABC is ſimilar to the triangle FKG; but FKG ll 
Is given in ſpecies, wherefore the triangle ABC 

is given in ſpecies. 
Therefore, if a triangle has one angle given, 
and if the rectangle contained between the two fades 
about | 


about the given angle has a given ratio to the 
ſquare of the third fide, the triangle is given in 
- ſpecies, which was to be Ss 


This propoſition is alſo, in the other copies, 
demonſtrated in the following manner. 


Let BAC be a triangle having the angle 
BAC given, and the ratio of the rectangle con- 
tained between BA and AC 


to the ſquare of BC given; Ag 

I fay the triangle ABC is - ob | 

given in ſpecies. For, ſince gg Op 

the angle BAC is given,, 

the ratio of the exceſs bß __ 

which the ſquare of BA and D E 

AC, conſidered as one line, exceeds the ſquare. 

of the third ſide BC to the triangle ABC is 

given: let the figure DEF- be equal to that 

exceſs. But * the ratio of the rectangle con- * Dat. 65. 

tained between BA and AC to the triangle ABC | 

is given, wherefore * the ratio of the rectangle = Dat. 8. 

contained between BA and AC to the figure 

DEF is given; but“ the ratio of the rectangle w Hypoth, 

contained betwen BA and AC to the ſquare of 

BC is given, therefore the ratio of the figure i Dat. 8. 

| DEF to the ſquare of BC is given; wherefore k * Dat. 6, 

the ratio of the figure DEF, together with the 

ſſuare of BC, to the ſquare of BC is given. 

But the figure DEF, together with the ſquare 

of BC, is "9 to che ſquare of AB and AC, 
I. 2 | con- 


a oo 1 Dat. 66. 


148 EDE D DATA; 
e er as one line, therefore the ratio of the 
4 | use of AB and AC, con- 
| ſſidered as one line, to the 
ſquare of BC is given; 
"C x wherefore | the ratio of BA 
and AC, conſidered as one 
| line to BC, is given; but 


= Hypotbu. 75 E the angle BAC is given“ „ 
Dat. 45. conſequent] y ? the triangle ABC is een in 
ſpecies. 


Therefore, if one ang of a mene be given, 
&c. which was to be mn. 


5 RO 55 SITION LXXVI. 
which in the others 1s Propoſition K 


F there be three right lines in continued pro- 
portion, and other three likewiſe in continued 
proportion, and if the ratios of the extremes to 

each other be given, the ratio of the means to one 
another is alſo given; and alſo, if the ratio of the 
means, and likewiſe that of two of the extremes, 
be given, the ratio of the other two extremes 
will alſo be given. 
Loet A, B, C, be three right lines i in continued 
proportion, and D, E, F, other three likewiſe 
in continued proportion, and let the ratios of the 
extremes, A to D, and C to F, be given; I ſay 
the ratio of the means, B to E, is alſo given. 
For ſince the ratios of A to D, and C to F are 
* Dat. 69. Each given, wherefore ® the ratio of the rectan- 
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ple contained between A and C to the rectangle 
contained between D and F is given; but 

the rectangle contained between A 


and C is equal to the ſquare of B, ? Prop. 1j. 
and the rectangle contained be- Ale] Ess. lib. 6. 
tween D and F is equal to the BI REI E 
ſquare of E; wherefore the ratio | 
of the ſquare of B to the ſquare | 


of E is given, and conſequently 1 Dat. 54. 
the ratio of the line B to the line E is given. 
Again, let the ratio of A to D be given, and 

alſo the ratio of B to E; I ſay the ratio of the 

other extremes, C and F, is given. For, ſince 

the ratio of B to E is given, wherefore "the ratio : Dat. 50. 
of the ſquare of B to the ſquare of E is given. 

But the ſquare of B is equal to the rectangle 
contained between A and Ci, and the ſquare prop. 15 
of E is equal to the rectangle contained between Euc. lib. 6. 
D and Ft., therefore the ratio of the rectangle : Ibid. 
== contained between A and C to that contained 
between D and F is given; and the ratio of A 
tod is given”. But two equiangular parallelo- Hypoch. 
grams having a given ratio to one another, and 

one ſide of the one having a given ratio to one 

ſide of the other“, therefore the remaining ſide » Dat. 67. 
Cu has a given ratio to the remaining ſide F. 

= Therefore, if there be three right lines in con- 

= 7zinued proportion, and other three likewiſe in con- 

tinued proportion, and if the ratios of the ex- 

tremes to each other be given, the ratio of the 

means to one another is alſo given; and alſo, if 
L 3 the 
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the ratio of the means, and likewiſe that of two 


of the extremes, be given, the ratio of the other 


two extremes will alſo be given: z; which was to 
be demonfroteh. 
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PROPOSITION LXXVI. 
mw This Propoſition is not in the other copies. 


of - there be four right lines in one order in pro- 
portion, and other four lines in another order like- 
wiſe in proportion, and if the ratios of the ex- 
tremes be given, each to each, and alſo the ratio 

of . two of the means to one candor, the ratio of 

the other two means to each other is alſo given; 
and, vice verſa, if the ratio of the means to each 
other be given, and alſo the ratio of two F the 
extremes to one another, the ratio of the other ex- 

tremes will alſo be given. 

Let A, B, C, and D, be four vight lines in 
one LOT, | in Proportion, and E, F, G, and H, 
| „ out right lines in another or- 
der alſo in proportion, and let 
the ratios of the extremes to 
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| EI FI G1 EI one another be given, each to 
| 1 | each, that is the ratio of A to 
. E, and of D to ; alſo let the 
1 ratio of one of the means to 
Wi: | 1 one another be given, to wit, of B to F; I fay 
| ll mg the ratio of the other mean C to the other mean 

11/1 G is alſo given. For, ſince the ratios of A to 

h Wl . Hypo. E and D to H are given”, the ratio of the rect⸗- 
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angle contained between A and D to that con- 

tained between E and H is given). But becauſe » Dar. 69. 

AistoBasCis to D-, the rectangle contained = Hypoth. 

between A and D is equal to the rectangle con- 

tained between C and B*; for the ſame reaſon *Prop.16. 

the rectangle contained between E and H is e. lib. 6. 

equal to the rectangle contained between Fand 

G; wherefore the ratio of the rectangle con- 

tained between B and C to the rectangle con- 

tained between F and G is given; but the ratio 

of B to F is given. But two equiangular pa- » Hypoth. 

rallelograms having a given ratio to one ano- | 

ther, and one ſide of the 'one having a given 

ratio to one fide of the other®, wherefore the Dat. 67. 

remaining fide of the one has a given ratio to 

the remaining fide of the other, conſequently 

the ratio of C to G is given, Again, let the 

ratios of B to F and C to G be given, and alſo 

the ratio of A to E; I fay the ratio of D to H 

is given. For, fince the ratio of B to F is given, 

and alſo the ratio of C to G, wherefore © the * Hypoth. 

ratio of the rectangle contained between B and Dat. 67- 

C to that contained between F and G is given. 

But the rectangle contained between B and C is 

equal to the rectangle contained between A and 

Df; alſo the rectangle contained between F and * Pro rop.16, 

G is equal to that contained between E and 5 

H; wherefore the ratio of the rectangle con- 

tained between A and D to the rectangle con- 

tained between E and H is given; ; but the ratio | 

of one ſide A to one ſide E is given; z Wherefore® 2 Dat. 67. 
L 4 the 
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the ratio of the other ſide D to the other fide H 


is given“. | 7 
Therefore, if there be four ri b lines raken 
in one order in proportion, and other four lines 
in another order likewiſe in proportion, and if the 
ratios of the extremes be given, each to each, and 


alſo the ratio of two of the means to one another, 
the ratio of the other two means to each other is 


alſo given; and, vice verla, if the ratios of the 
means to each other be given, and alſo the ratio of 


two of the extremes to one another, the ratio of 


the other extremes will alſo be given which was 


2 to be demonſtrated. 


* Note, This 1 by all 3 is 
the fourth propoſition Pappus makes mention of 
concerning more than four lines in proportion, eſpe- 


cially as it ſo immediately connects with the 76th 


propoſition, and naturally ought to follow it. This 
correſponds to Euclid's method when he treats of 
proportional lines or numbers in the 6th and 7th 
books; the one he always makes to follow the other : 


it is therefore reaſonable to preſume that bere he 
obſerved his conſtant method, and if be did, Ibis 
which we have ſubſtituted ' muſt have been that 


which Pappus mentions, and which is wanting 
in all the other copies. 
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PROPOSITION LXXVIII. 
This is Propoſition 82 in other copies. 


if there be four right lines jn proportion, the 
firſt and third will have the ſame proportion to 
thoſe lines which the ſecond and fourth have the 


ſame given ratio to. 
Let A, B, C, and D, be four TR in pro- 


B 


: portion, and let B have a given 
ratio to E, and as B is to E, ſo let | 
D be to Fs then will D have the , | ; E 
ſame given ratio to F thatB has to 
O Dj F 
portion to E that C has to F. For, : 
ſince A is to B, as C is to Db, and 
B is to E, as D is to Fi, wherefore k, by equality, | 
as A is to E, ſo 1 C m0 F. 


E; I ſay that A has the ſame pro- 
Therefore, if there be four right lines in pro- 


153 


ction. 
k Prop. 2 2. 
Euc. lib.s. 


portion, the firſt and third will have the ſame 


proportion to thoſe lines, which the ſecond and 
| fourth have the ſame given ratio to; which War 
fo * demonſtrated. 


PROPOSITION LXXIX. 
This is Propoſition 83 in the other copies. 


If there be four right lines, and to three of them, 
talen in any order, a fourth proportional be found 

in ſuch a manner that the remaining fourth given 
line has a given ratio to it, then will the firſt - 
have 


mw... -EVCeLI!DATA 
have a given ratio to that line which is a fourth 
proportional to the fourth, third, and ſecond. 
Let A, B, C, and D, be four right lines, 
and let three of them be taken in any order, as 
A4, B, and C, to them let a fourth 
proportional be found, as E, in 
ſuch a manner that the fourth line, 
D, has a given ratio to E, and let a 
Tor : fourth be found to D, C, and B., 
viz. the fourth, third, and ſecond, 
which let be F; I ſay the firſt A 
has a given ratio to F. For, ſince A is to B, 
as C is to E, the rectangle contained between A 
and E is equal to the rectangle contained be- 
k Prop.16. tween B and CM; and as D is to E, ſo is the 
6. rectangle contained between A and D to the 
Prop. 1. rectangle contained between A and En; but the 
Euc.ib.6 ratio of D to E is given, wherefore the ratio of 
the rectangle contained between A and E to that 
contained between A andD is given, conſequent- 
ly the ratio of the rectangle contained between A 
and D to that contained between B and C is given, 
But, when two equiangular parallelograms have 
„Dat. 56. a given ratio to one another ®, one fide of the 
or 72. one has a given ratio to that right line which is 
a fourth proportional to the other ſide of that 
parallelogram, and the two ſides of the other 
parallelogram; wherefore A has a given ratio 
to that line which is a fourth proportional to D, 
C, and B; but F is that fourth proportional, 


vherefore A has a given ratio to F. 
3 1 175 | There- 
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Therefore, if there be four right lines, and to | 

three of them, taken in any order, a fourth pro- 
portional be found in ſuch a manner that the re- 

maining fourth given line has a given ratio to it, 

then will the firſt have a given ratio to that line 

which is a fourth proportional to the fourth, third, 

and e which was to be demonſtrated. 
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PROPOSITION LXXX. 
which is Propoſiiion 84 in other copies. 


If a parallelogram, or a triangle, given in mag- 
nitude, be formed by two unequal right lines 
| which contain a given angle, and if the exceſs, by 
which the greater exceeds the ſmaller, be given, 
each of theſe lines will be given in magnitude. 
Let AB, BC, be two unequal lines which 
form the parallelogram BD, or the triangle 
ABC given in magnitude, A + 'D 
and let the angle ABC be | 
given, and alſo the exceſs, 5 
by which the greater, BC, B oC 
exceeds the ſmaller, AB, be given; 2 ſay each 
of the lines, AB, BC, are given in magnitude, 
For, ſince BC exceeds AB by a line given 
in magnitude?, let the exceſs be EC; take it » Hypoth. 
FE away, and the remainder, BE, is equal to AB; 
= through the point E draw EF, parallel to AB, 1 Def. 9. 
cutting AD in F; then, becauſe AB is equal Dat. 
to BE, the ratio of AB to BE is given; but 
the angle ABE is _ wherefore the angle 
ET 
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r Prop. : 29. BAF is given”, conſequently the parallelogram | 


Euc. lib. 1. 
& Dat. 4. 
Deb. 3. 
Dat. 


t Hypoth. 


BF is given in ſpecies. But BD is 'given in 
A P bob magnitude", wherefore to 
+ the given right line EC 

the paral lelogram BD; 
RS C given in magnitude, is 
applied, exceeding in figure by the parallelo- 


„Pat. 59. gram given in ſpecies; wherefore AB or BE is 


Pat. 6. 


given in magnitude; but EC is given, where- 
fore“ BC is given. The ſame demonſtration 
takes place, with reſpect to the triangle ABC, 
from the 41ſt of the firſt book, and 1 25 of the 
fifth book. 

Therefore, if a W or a triangle, 
given in magnitude, be formed by two unequal right 
lines which contain a given angle, and if the exceſs, 
by which the greater exceeds the ſmaller, be given, 
each ef theſe lines will be given in magnitude ; 
wobich was to be demonſtrated. 


PROPOSITION LXXXT. 
This is Propoſition 8; in the other copies. 


If two right lines comprebend a given parallelb- 
gram, or a triangle in a given angle, and if the 
ſum of theſe lines be given, nes of theſe lines are 
given in magnitude. 

Let AB, BC be two lines which, in the given 
angle ABC, form the parallelogram BD, or the 
triangle ABC, given in magnitude, and let the 


ſum of the two lines, AB, BC, be given; I ſay 
each 
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each of the lines, AB, BC, are given in magni- 
tude. For, produce BC, and make CE equal 
to AB or CD, through the point E draw EF 
parallel to CD*, and com- aA »ÞD Þ | : *Prop.31. 


pleat the parallelogram Euc. lib.1, 
BF?; then, becauſe DC ? Prop. 33. 
Euc. Iib. 1. 


is equal to CE, the ratio — "i 

of DC to CE is given, e E | 

and the angle DCE is equal to ABC*; but the prop 29. 

angle ABC is given“, wherefore the angle DCE Euc. lib. 1. 
2 Hypoth. 

is given, and conſequently the remaining angle 


CF is given in ſpecies* Again, becauſe 
ſum of AB and BC is 3 but the ſum of © 


1 1 crop ;henion to the ren line BE there is Def 10. 


applied the given parallelogram BD, wanting Dat. 
1n figure'by the parallelogram CF given in ſpe- 
cies; wherefore DC, CE are each given in- Dat. 58. 
magnitude; but DC is equal to AB, wherefore 
AB is given in magnitude; but BE is given, 
and CE is given, wherefore BC * is given in Daz. 4. 
magnitude. The ſame demonſtration takes 
place with reſpect to the triangle ABC, 
Therefore, if two right lines comprehend a given 


parallelogram, or a triangle in a given angle, and 
if the ſum of theſe lines be given, each of theſe 
lines are given in magnitude; which was to be 
demonſtrated. 


* 


s Hypoth. rectangle contained between CB and BE:, take 


Prop. 2. Which is © the rectangle contained between BC 
Euc.lib.2. and EC, will have a given ratio to the ſquare 
1 Def. 11. of AB}; and fince- the rectangle BD is givenł, 


Dat. 


* Hypoth. a 
al. 1. is given, 3 the ratio of the rectanęle 


2 
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PROPOSITION. | 
This is Propoſition 86 in the other Copies. | 


I 2 parallelogram or triangle given in mMagni- 
tude be comprebended by two right lines in a given 
angle, and if the ſquare of the one line be more than | 
in a given ratio to the ſquare of the other by a given 
rectangle, each of theſe lines will be given i in mag- 
nitude. 

Let BD be a parallelogram given in magni- 
ace, or ABC a given triangle, comprehended 
D by the two lines AB and 
BC in the given angle 

ABC, and ler the ſquare 
of BC be mare than in a 
B L C given ratio to the ſquare 
of AB by a given rectangle, which let be that 
contained between BC and BE; I ſay the lines 
AB, BC are each given in magnitude. For, 
the given. angle ABC muſt either be a right 
angle or not, Firſt -let it be a right angle: 

then, becauſe the ſquare of BC is more than in 
a given ratio to the ſquare of AB by the given 


away mat given rectangle, and the remainder, 


and the rectangle contained between CB and BE 


BD 
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BD to that contained between BC and BE is ; 
given; but® as AB is to BE, ſo is the rectangle = Prop. 1. 
| BD to that contained between CB and BE; Euc. lb. 5. 
 wherefore the ratio of AB to BE is given, and 
conſequently © the ratio of the ſquare of AB to Dat. 50. 
the ſquare of BE is given; but the ratio of the 
ſquare of AB to the rectangle contained between 
BC and CE is given, wherefore the ratio of Dat. 8. 
the ſquare of BE to the rectangle contained 
between BC and EC is given, and therefore 
the ratio of four times the rectangle contained 
between BC and CE to the ſquare of BE is 
given, conſequently ? the ratio of four times the? Dat, 6. 
rectangle contained between BC and EC, toge- 
ther with the ſquare of BE, to the ſquare of BE 
is given. But, four times the rectangle con- 
tained between BC and EC, together with the 
ſquare of BE, are equal to the ſquare of BC 
and EC, conſidered as one line; wherefore the Prop. 8. 
ratio of the ſquare of BC and EC, conſidered as Fuc. *. 
one line, to the ſquare of BE is given, and con- 
ſegquently the ratio of BC and EC, conſidered as Dat. 54. 
one line, to BE is given; wherefore * the ratio * Dar. 6. 
of BC, EC, and BE, added together, to BE is 
given, and conſequently the ratio of BC to BE is 
given; but as BC is to BE, ſo is the rectangle 
contained between BC and. BE to the ſquare 
of BE*; wherefore the ratio of the reCtangle : Dar. i. 
contained between BC and BE to the ſquare of 
BE is given; but the rectangle contained be- 
RE tween BC and BE is given in magnitude, where- 
_ | fore 
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* Prop. 31. 
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Pat. 2. fore” the ſquare of BE is given in magnitude, 


and conſequently the line BE is given in mag- 


» Dat. 55. 
of BE to BA is given, and 


— IE 'C wherefore BA is given in 
magnitude. Hence upon the given line AB 


there is deſcribed the given parallelogram BD, 


Dat. 57. containing a given angle ABC, therefore * the 


other ſide, BC, is given in magnitude. 

The ſame demonſtration takes place with 
reſpect to the triangle ABC, by compleating 
the parallelogram BD in the ſame manner as 
has been obſerved 1n ſeveral antecedent . 
ſitions. 

Again, let the given angle ABC be not a 
right angle, with the line AB, and at the point 


Q 4 right angle?, and compleat 
D the rectangle BF*; then, be- 
cauſe the parallelograms BD, 
BF are upon the ſame baſe, 
and between the ſame paral- 


Y Prop. 11. 
Euc. lib. 1, 


_ lib. 1. = E 
3 
Ga 


®Prop, 35. . lels, therefore * the parallelogram BD is equal 


Euc. lib. 1. to BP; but BD is given in magnitude, therefore 


BF is given in magnitude. Again, becauſe 

» Hypoth. the angle ABC is given“, and the angle ABE 
© Dat. 4. is a right angle, wherefore © the angle EBC is 
given; but the angle BEC is a right angle, 
wherefore the * angle BCE is given, 

8 I = con- 


A D nitude; but it has been de- 
| monſtrated that the“ ratio 


BE is given in magnitude, | 


B, conſtruct the angle ABE 
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conſequently * the triangle BEC is given in 4 Dat. 40. 

ſpecies; therefore the ratio of BE to BC is 

| given®, and wherefore f the ratio of the ſquare * Def. 3. 

of BE to the ſquare of BC is given; but the: 2 50 
50. 

ſquare of BC is more than in a given ratio to 

the ſquare of AB by a given rectangle or ſpace, 

wherefore © the ſquare of BE is more than in a? Dat. 13. 

given ratio to,the ſquare of AB by a given rect- | 

angle or ſpace; and they contain the rectangle 

BF given in magnitude, conſequently, by the 

above demonſtration, AB and BE are both 

given in magnitude. Hence the given paral- 

lelogram BD is applied to the given line AB 

in a given angle, therefore“ the other ſide BC * Dat. 57. 

is given in magnitude. The ſame demonſtra- 

tion takes place with reſpect to triangles. 

* Therefore, if a parallelogram or triangle given 

in magnitude be comprebended by two right lines in 

a given angle, and if the ſquare of one of the lines 

be more than in a given ratio to the ſquare of the 

= other by a given reftangle, each of theſe lines will 

© be given in magnitude; which was to be demon- 

ſtrated. | 


PROPOSITION LXXXII. 
1 This is Propoſition 87 in the other copies. 


FF a parallelogram or a triangle given in mag- 
vitude be comprebended by two lines in a given 
=#!g/e, and if the ſguare of one of theſe lines exceed 
be ſquare of the other by a given rectangle or 
4 M ſpace, hs 
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ſpace *, each of theſe lines will be given in mage 


nitude. 
a Let AB, BC be two lines which ka 
the parallelogram BD, or the triangle ABC, 


given angle ABC, and let 
the ſquare of BC exceed the 
C - noon of AB by a given 


ſpace, to which let the rectangle contained be- 


Prop. 45. tween BC and BE be equal'; I ſay the two lines 
Eue. lib. AB and BC are each given in magnitude. For 
the given angle ABC muſt either be a right 
angle or not. And firſt let it be a right angle: 
then, becauſe the ſquare of BC exceeds the 
ſquare of AB by the rectangle contained be- 


1 Hypoth. tween BC and BE, take away that rectangle, 


Prop. 2. and the remainder, which! is the rectangle con- 
_ > 2. tained between BC and EC, is ® equal to the 
Dat. © ſquare of AB, Again, ſince the rectangle BD 
» Hypoth. is. given”, and the rectangle contained between 
* Dat. 1. BC and BE is given, wherefore ® the ratio of 
the rectangle BD to that contained between BC 

and BE is given; but the rectangle BD is to 

that contained between BC and BE, as AB 1s 


Prop. i to BE, wherefore the ratio of AB to BE is 
Euc. lib.6. 
1 Dat. 50. 


* iſ this nl tbe preceding propoſition the word 


ſpace in the exceſs may be uſed; for whatever | 4 i 


Agure it is of, by Prop. 45, Euc. lib. 1. 4 
rectangle may be made equal to it. 


D given in magnitude, in the 


given, and | conſequently the ratio of the ſquare 
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of AB to the ſquare of BE is given; but the 
ſquare of AE is equal to the rectangle contained 
between BC and EC, wherefore the ratio of the 
rectangle contained between BC and EC to the 
ſquare of BE is given; therefore the ratio of 
four times the rectangle contained between BC 
and EC to the ſquare of BE is given; and by 
compounding them”, the ratio of four times the * Dat, 6, 
rectangle contained between BC and EC, toge- 
ther with the ſquare of BE to the ſquare of BE 
\ is given. But, four times that rectangle con- 
it ; tained between BC and EC, together with the 
-* [| fquareof BE, are equal to the ſquare of BC and 
ne EC, conſidered as one line f, wherefore the ratio f Prop. 8, 
-o the ſquare of BC and CE, conſidered as one Euc. lb. a. 
ie, 1 line, to the ſquare of BE is given, and therefore: Dat. 54. 
n- fthe ratio of BC and EC, conſidered as one line, to 
he fthe line BE is given; and by compounding them,” » Dat. 6, 
D 7 the ratio of BC, together with EC and EB, that 


en is double BC, toEB is given, wherefore the ratio 

of 1 9 of BC to BE is given. But, as BC is to BE, fo is 

BC. | „ the rectangle contained between BC and BE to the 

t FX fquare of BE, wherefore the ratio of the rectan- * Prop, 1. 

1s FE glecontained between BC and BE tothe ſquare of Eve. ib.6, 

, 18 5 Y BE is given ; but the rectangle contained between 

are BCC and BE is given in magnitude, therefore * the = Dat. 2. 
{quare of BE is given in magnitude, and conſe- 

ord _ quently” the line BE itſelf is given in magnitude; pat. 5g. 

ver but it has been demonſtrated that the ratio of BE 

3 to AB is given, and BE is given in magnitude, 


wherefore AB is given in magnitude. Hence to = Dat, 2, 
| M 2 _ the 
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the line AB, given in magnitude, the. parallelo- 
gram BD, S in magnitude, is applied in the 


given angle ABC, wherefore 
the other ſide, BC, is alſo 
given in magnitude. The 
| ſame demonſtration takes 
place with reſpect to the triangle ABC, as we 
have obſerved in the former propoſition. 
Again, let the given an- 
5 A F gle ABC be not a right an- 
| gle, with the line AB, and 
at the point B, draw BE at 
b Prop. 11. — D right angles to AB, and 
Ene. Ih. 1. B 6 compleat the rectangle BF; 
then is the demonſtration 
| C the ſame as in the ſecond 
part of the preceding propoſition; and there- 
fore, if a parallelogram or a triangle given in 
magnitude be comprehended by two lines in a given 
angle, and if the _ of one of theſe lines exceed 
the ſquare of the other by a given reangle or 
ſpace, each of theſe lines will be given in magni- 
tude; which was to be demonſtrated. 


2 Dat. 57. 


Note, In all the copies we have ſeen, this laſt 

_ feries of propeſitions is extremely vitiated; becauſe, 
in their enuntiations, the areas formed by the lines 
are always mentioned ſpaces in general; whereas, 
by the nature of them, it clearly appears, that 
they are limited to parallelogramick or triangular 


ſpaces in the ſame manner as in our note to pro- 


Poſerions 


* 
> 
Bb 

© OR 
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poſitions 57, 58, and 593 otherwiſe none of them 
are demonſtrated. 1t is true, Pappus makes men- 
tion of ſpaces when he names this ſeries; but his 
meaning is applicable to no other than theſe 1wo 


ſpecies of figures. The two, laſt propoſitions are 
not demonſtrated in any of the copies; for, in their 


hypotheſis, they ſuppoſe the given angle of any 
magnitude, and, in the ſecond ſtep of the demon- 
ftration, they ſuppoſe it a right angle; and, as 
the whole demonſtration depends upon that ſtep, 
they have thereby deviated from the hypotheſis 
which Suppoſed it of any magnitude, by which 
the propoſition is left undemonſtrated. 

Ho far they are from proving it from the hypothe- 
fis, which ſuppoſes the area comprehended by theſe 
lines may be any figure; that in their demonſtration 
they have confined it to a rectangle alone; whereas 
we have demonſtrated it to belong to any parallelo- 
gramick or triangular ſpace; and 10 no other figure 


tit can be applied. Dr. Gregory obſerves, that the 


Greek manuſcript in the 86th propoſition is vitiated 
in a very remarkable manner; nor did he ſee anyway 
of recovering it, but by enuntiating it ſeveral differ- 
ent ways, and even then he ſolved it by an algebraick 
equation. By his enuntiation he has made it two 
diſtinct propoſitions. It is therefore highly probable, 
that from enuntiating it differently in different ma- 


: | nuſcripts, the fourth propoſition has been introduced: 
= for in all the copies we have four in this ſeries, where 


Pappus mentions only three, which of the two is 


= ſpurious is difficult, if not impoſſible, at this diſtance 


M 3 of 
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of time, to determine; for which reaſon aue have 
inſerted both: and that Pappus's account may be 
. preſerved, one only is numbered. 


PROPOSITION LXXXIII. 
This is Propoſition 88 in other copies, 
If within a circle, given in magnitude, a right 
line be drawn which cuts off a ſegment that con- 
tains in it a given angle, that right line is given 
in magnitude. 
Let ABC be a circle given in magnitude, 
and AB a right line drawn within it which 


166 


cuts off the fegment ACB, 


C and let the angle in the 

ſegment ACB be given; I 

| fay the line AB is given in 

e Prop. 1. — magnitude. 

Euc. lib. 3. „„ — of the circle, join 

DA, which, produced, cuts the circumference 

at C, and join CB. 

. Then, becauſe ACB is a fenniciecks; the an- 

«Prop. 31. gle ABC is a right angle „and the angle ACB 

Hy *. cb. is given*, whereforef the remaining angle BAC 

e 32. 18 given, conſequently the w ABC is 

Euc. bb. . given in ſpecies, and therefore h the ratio of AC 

3 = to AB is given; but AC is given in magnitude, 
' ® Def. 3. Wherefore AB'is given in magnitude. 

7 CM berefore, if a right line be drawn within a cir- 

dle given in magnitude which cuts off a ſegment that 

contains in it a given angle, that right line is given 

in magnitude; which was to be demonſtrated. + 

P R O- 


For let De be 
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PROPOSITION LXXXIV. 
This is Propoſition 89 in other copies, 


Fa right line given in, magnitude be drawn 
within a circle given in magnitude, the angles con- 
tained in the ſegment cut off by that line are given 
in magnitude. 

Let AC be a right line given in magnitude, 
drawn within the circle ABC which is alſo 
given in magnitude; I ſay the 
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ö 
N angles contained in the ſeg- 5 
„ ment ABC are given. For 
- let D be the center of the cir- 
[ cle!, join DA, which, pro- | Prop. 1. 
* 4 cuts the e "SA. Eue. lib. 3. 
- at B, join BC, 
n Then, becauſe the circle ABC is given in 
e magnitude, the diameter AB is given in magni- 

tude®; but AC is given“, wherefore ® the ratio ® Def. 5. 
- of AB to AC is given; but becauſe ACB is a = work 
Z ſemicircle, the angle ACB is a right angle?; . D_— a 
- hence in the right angled triangle ABC the ratio? Prop. 31. 
8 of the two ſides AB and AC about the acute * * 
8 angle BAC is given; wherefore * the triangle « Dat. 43. 
k ACB is given in ſpecies, and contend the - Def. 3. 

angle ABC is given. | Dat. 
— Therefore, if a right line given in magnitude be 
t drawn within a circle given in magnitude, the an- 
1 gles contained in the ſegment cut off by that line are 


den in magnitude; which was to be demonſtrated. 
M 4 PR O- 


Hypo 
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PROPOSITION LXXXV. 
This is Propoſition o in the other copies. 


Tf from a given point in the circumference of a 
circle, given in poſition, a right line be drawn, 
cutting the circumference, and if from that point 
of inter ſection a line be drawn, making. a given 
angle with the firſt mentioned line, the point where 

this laſt line, when produced, cuts the circumference 
of the circle is given. is = 

Let ABC be a circle given in poſition, and 

from the given point A let AB be drawn, cut- 

= ting the circumference at B, 

and from B let BC be drawn, 

ſo as to make the angle ABC 

given, let the line BC cut 

the circumference at C; I ſay 

A the point C is given. For 

let D be the center of the cir- 


c Prop. 1. cle!, and Join the lines DA and DC. 


Euc. lib.3. Then, becauſe the angle ADC is double the 
t Prop. 20. angle ABC*, but the angle ABC is given“, 
Euc. was wherefore the angle ADC is given. Again, 


| becauſe the circle ABC is given in poſition, 


Dat. 


is given, wherefore * the li e 
= Dat us. A is given, wherefore * the line AD is given in 


poſition; but the angle ADC is given, there- 

v Dat. 29. fore the line DC] is given in poſition; but the 

Pat. 25. Circle is given in poſition, wherefore * the point 
of interſection, C, is given. 


Therefore, 


We 


» Def. 6. therefore its center D is given v; but the point 
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center of the circle ABC, 


to the circle ABC; I fay 
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Ti berefore, if from a given point in the circum- 


ference of a circle, given in poſition, a right line 


be drawn, cutting the circumference, and if from 
that point of inter ſection a line be drawn, making 
a given angle with the firſt mentioned line, the 
point where this laſt line, when produced, cuts the 
circumference of the circle is given; which was to 
be demonſtrated. | 


PROPOSITION LXXXVI. 
This is Propoſition 91 in the other copies. 


If from a given point, without a circle given 
in poſition, à right line be drawn a tangent to the 
circle, that right line is given in poſition and mag- 


* 4 
| tud, 
® 
L 
nil ude. 
” 


Let ABC be a circle given in poſition, D a 


given point without it, and from the point D 


let DC be drawn a tangent 


DC is given in poſition and 
magnitude. For let E be the 


and join the lines EC, ED, 
upon ED, as a diameter, 
deſcribe the circle ECD. | 
Then, becauſe DC is a tan- D. 
gent, and CE is drawn to the center from the 


2 Prop. 1. 


C Euc. lib. 3, 


point of contact, wherefore * the angle DCE » Prop. 18. 


is a right angle, therefore® the circumference CY 
of the circle, which has ED for its diameter, ꝑuc. lib. 


muſt 
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muſt paſs through the point of contact, C. 
Again, becauſe the circle ABC is given in poſi- 


4 Def. 6. B d, 


Dat. 
* Dat. 26. 


tion, its center E is given ; 
but the point D is given, 
wherefore © the diameter ED 
is given in poſition and mag- 
nitude, whereforef the cir- 
cumference ECD is given in 
poſition; but ABC is given 
in poſition, therefore 5 the 
point of interſection, C, is 


f Def. 6. 
Dat. 


t Dat. 25. 


D 


d "Pp 26. given, conſequently ® the tangent DC is given 


in magnitude and poſition. "© ins 
Therefore, if from a given point, without a 
circle given in Poſition, a right line be drawn 4 
tangent to the circle, that right line is given in 
Poſition and magnitude; which was 10 be demon- 
ſtrated. 


PROPOSITION LXXXVIL 
This is A 92 in the other copies. 


If from a given point, withour a circle given 
in poſition, a right line be drawn, cutting the 
circle, and produced to the concavity, the rectan- 
gle contained between the whole ſecant line and that 
part without the circle, intercepted between tht 
given point and the convexity, is given in magni. 

_ tude. 
"et ABC be a circle given in poſition, and 
from the given point D, without it, let the line 
55 1 — Ib 


1 


1 


2 

3 88 S 
. . * n ey 9 
ODE OG. ann hs 


* Py” EY GS RE de EO aA. T0, 
$5p oe i net ne Rt . 7 CHF * n 
OA me Is RS.) IDS e WIS Hb Ber Pore ® 
e oi . n 8 e 
a / 0 


in 


* 


» 
* 


„. 
ER 
2 
. 
3 2 
£548 ; 
[A * 25 ; 
38M 
3 * 
1 f &% Fe, 
- <4 RO 
1 
. 
8 [| 
2» 
Ws 
1 
2 
22 
2.1 
I REM 
ESR 
3 
Beg | ) 
= 4 * 
8 
XF- 
2 
— 
? 


to the concavity at B; I ſay the rectangle con- 


is given in magnitude. For 


join FD, which, produced, cuts the circumfe- 
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DB be drawn, cutting the circle, and produced 


tained between DB and DC 1 


from the point D draw DA 
a tangent. to the circle . 
Then, becauſe DA is a tan- 
gent to the circle ABC given B 
in Poſition, and drawn from 
the given point D, wherefore * DA is given in k Dat. 87. 
magnitude and in poſition, conſequently ! the ! Dat. 52. 
ſquare of DA is given in magnitude; but the 
ſquare of DA is equal to the rectangle contained 
between DB and DC®, wherefore the rectangle m Prop. 36. 
contained between DB and DC is given in mag- * 
nitude. 

' Therefore, if from a given point, without a 
circle given in poſition, a right line be drawn, 
cutting the circle, and produced to the concavity, 
the rectangle contained between the whole ſecant 
line and that part without the cixcle, intercepted. 
between the given point and the convexity, is given 
in magnitude; which was to be demonſtrated. 


Prop. 17. 
Euc. lib. 3. 


This Propoſition is alſo demonſtrated in the 
following manner. 


Fl the center of the circle, which let be F*, * Prop. 1. 

Euc. lib. 3. 

rence in A; then, becauſe the circle ABC is 

given in poſition, its center F is given; but » Def. 6. 
: the Dat. 


mm EUCLIWWn DATA; 

v Dat. 26. the point D is given, wherefore the line DF 
is given in poſition and magnitude; but the 
CY circle ABC is given in poſi- 
g tion, therefore 4 the points 
of interſection, A and B, 
are each given, and conſe- 
Dat. 26. quently the lines AD and 
BD are each given in mag- 
nitude; wherefore the rectangle contained be- 
tween AD and BD is given in magnitude. But 
the rectangle contained between AD and BD 
is equal to the rectangle contained between ED 
f Cor. to and DC,, wherefore the rectangle contained 

N between ED and DC is given in magnitude. 
werds Therefore, if from a given point, &c. which 

was to be demonſtrated, 


1 Dat. 25. 


PROPOSITION LXXXVIII. 
This is Propoſition 93 in the other copies. 


If from a given point, within a circle given in 
poſition, a right line be drawn, and produced 
both ways till it cut the circumference, the rectan- 
gle contained between the ſegments of that line, 
intercepted between the given point and the conca- 
vity of the circle, is given in magnitude. 

Let ABC be a circle given in poſition, and 
D a given point within it, and from the point 
D let the line ADC be drawn, which, produced, 
cuts the circumference in A and C; I ſay the 


rectangle contained between AD and DC 1s 
I ; 5 given 
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given in magnitude. For, find the center of the 
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circlet, which let be E, join DE, which, pro- Prop. 1. 


duced, cuts the circumfe- i 
rence in B and F; then, 
becauſe the circle ABC is ; 
given in poſition, therefore 
its center E is given; but 
the point D is given“ 

therefore * the line ED is iy. C 
given in poſition and mag- "= 
nitude ; but the circle is given in poſition, 


Euc. lib. 3. 


» Def. 6. 


Dat. -- 
v Hypoth. 
x Dat. 26. 


therefore) the points of interſection, B and F, Dat. 25. 


are given, conſequently * the lines BD and DC = 
are given in magnitude, wherefore the rectangle 
contained between BD and DF is given in mag- 
nitude ; but the rectangle contained between BD 
and DF is equal to the rectangle contained be- 


2 Dat. 26. 


tween AD and DC“, wherefore the rectangle a 2 35. 


contained between AD and DC 1 is given in _ 
nitude. 

7 berefore, if from a given point, within a 
circle given in poſition, a right line be drawn, 
and produced both ways till it cut the circumfe- 
rence, the rectangle contained between the ſegments 
of that line, intercepted between the given point 
and the concavity of the circle, is given in mag- 
nitude; which was to be demonſtrated. 


Euc. lib. 3. 
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PROPOSITION LXXXIX. 
This is Propoſition 94 1 in he other copies. 


Tf within a circle given in magnitude a right 
line be drawn which cuts off a ſegment containing 
a given angle, and if from the angular point a 
right line be drawn, biſefting the given angle, 
which line is produced till it cut the circumference, 
the ſum of theſe two lines, containing the given 
angle, has a given ratio to that line which biſetts 
the angle; and the refangle contained between 
theſe lines that contain the given angle, conſidered 
as one line, and that part of the line which bi- 
ſetts the angle, intercepted between the line that 
forms the baſe of the ſegment, and the nar 


rence, is given in magniuude. 


This Propoſition is commonly demonſtrated 
three different ways, 


* 


FIRST. 
Let ABC be a circle given in magnitude, 


within which the line BC is drawn, cutting off 


the ſegment BAC, which contains a given angle, 

and from the angular point at A let the line AD 
be drawn, biſecting the angle BAC, and cut- 
ting the line BC at D, and the circumference 
at E; I ſay the ratio of BA and AC, conſidered 
as one line, to the line AE is given, and the 
rectangle contained between BA and AC, con- 
| ſidered 
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ſidered as one line, and DE, that part of the line 
which biſects the angle BAC, and is intercepted 
between BC and the circum- 
ference, is given in magni- 
tude. For, join the line BE; 
Then, becauſe the circle 
BAC is given in magni- 
tude, and the angles BAC, 
BAE are each given, where- : 
fore * the lines BC, BE are each given in » Dat. 83. 
magnitude. Again, becaule the angle BAC is 
biſected with the right line AD, therefore © as © Prop. 
CA is > AB, ſo is CD to DB; and, by alter- Euc.hb.6. 
nation?, as AC is to CD, ſo is AB to BD, ee 16. 
conſequently®, as AC is to CD, ſo is AC and W 
AB, added together, to BC. Again, becauſe Euc. lib. p. 
the angle BAE is equal to DAC*, and the an- Hypoth. 
gle ACB equal to AEB®, therefore the remain- 2 21. 
ing angle ADC is equal to the remaining angle Eu . 
ABE, and conſequentlyi, as AC is to CD, * Cor. 2. 
ſo is AE to EB; but as AC is to CD, ſo is g Frop * 
BA and AC, taken together, to BC; there- i Prop. 4. 
fore, as BA and AC, taken together, is to BC, Eue. lib. ö. 
= fois AE to EB; and, by alternationk, as BA *Prop.16. 
and AC, taken together, is to AE, ſo i is BC Enc. lib.g. 
to BE; but BC and BE are each given in mag- 
ales and therefore the ratio of BC to BE !! Dat. 1. 
is given, conſequently the ratio of BA and AC, 
taken together, to AE is given. 
Again, I fay the rectangle contained between 
BA and AC, conſidered as one- line, and the 


line 
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5 | line DE is given in magnitude. Becauſe the 


=Prop.21. angle ACD is equal to the angle DEB, and 

Ene. lib. 3. the angle ADC equal to 

u prop. 15. BDE ”, therefore the angle 

Ene. lib. l. DBE is equal to DAC, 

er de and conſequently?, as AC 

Euc. lib. 1. B is to CD, ſo is BE to ED; 

1 25 but as AC is to CD, ſo is 

: the ſum of the lines BA and 

AC to BC; wherefore as BA and AC, taken 

together, is to BC, ſo is BE to ED, and there- 

4Prop.16. fore 1 the rectangle contained between BA and 

JOE. AC, taken together, conſidered as one line, 

and the line DE is equal to the rectangle con- 

tained between BC and BE. But the rectangle 

contained between BC and BE is given in mag- 

nitude, becauſe each of the lines are given in 

magnitude, therefore the rettangle contained 

between BA and AC, taken together, conſi- 

dered as one line, and the * DE is given in 
magnitude. | | 

Therefore, if within a lady given in magnitude 

a right line be drawn which cuts off a ſegment 

containing a given angle, and if from the angular 

point a right line be drawn, biſecting the given 

angle, which line is produced till it cut the cir- 

cumference, the ſum of theſe two lines, containing 

the given angle, has a given ratio to that line 

which biſects the angle; and the reftangle contained 

between theſe lines that contain the given angle, 


ccnſidered as one line, and that part of the line 
which 
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which biſetts the angle, intercepted between the 
line that forms the baſe of the ſegment, and the 
circumference, is given in magnitude; which was 
to be demonſtrated, 


/ 


SECOND. 


Funding the line BA, and make AF equal 
to AC, and join the lines EC and CF; then 
are the lines BC, CE . 
each given in magnitude, 
as before, and conſequent- 
ly" the ratio of BC to EC 
is given. Then, becauſe 
AF is-equal to AC, the 
angles ACF, AFC are ed) to one another f, * Prop. 5, 
and conſequently * each of them are equal to Evc-lib.1, 
half the given angle BAC, Hence the two Euc, cb. 1 
triangles, BCE, ACE, have the angle ABC 
equal to the angle AEC“, and the angle BFC v Prop. 21. 
is proved equal to EAC, wherefore“ the re- Nn 


” Cor, 2. 


maining angle BCF is equal to the remaining Prop. 32, 


I | angle ACE; and therefore*, as BF is to BC, "_ Ab. 1. 
ſo is AE to EC; and, by alternation?, as BF wh Rd., 


is to AE, fois BC to EC; but the ratio of BC 7 Prop. 16, 
to EC is given, wherefore the ratio of BF to Euc, lb. f: 


AE is given; but BF is equal to the ſum of 


the two lines, BA and AC, therefore the ratio 


of the ſum of the two lines, BA and AC, tg 
AE is s given. 


N 3 Again, 


7 
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Again, I ſay the rectangle contained between 
BA and AC, aer as one line, and DE 
is given in magnitude, be- 
cauſe the triangles BFC, 
DEC are equiangular. Y 
For the angle FBC is 
equal to AEC*, and the 
angle BFC is equal to 


* FF ee 
- . 


- . L Tk 
7 oy . 4 8 


* Prop. 21. 
Euc. lib. 3. 


the angle DCE, each being equa] to BAD, | 
therefore the remaining angle BCF is equal | 
| to the remaining angle EDC, and conſe- ji 
| *Prop. 4. quently", as BF is to BC, ſo is EC to ED, 
pms — 0 wherefore ® the rectangle contained between BF | 
Euc. lib.6. and DE is equal to the rectangle contained | 
between BC and EC; but the, rectangle con- 

tained between BC and EC is given in magni- 

| tude, becauſe each of the lines, BC and EC, | 
are given in magnitude, wherefore the rectan- 2 
gle contained between BF, that is the ſum: of 
the two lines BA and AC, conſidered as one 
line, and the line DE is given in magnitude. Y 
Therefore, if within a circle, &c. ne n 1 

to be demonſtrated. | 3 


TH IA p. 


Ma AC, and make CF a to AB, [ : : 
and ij join the lines BE, EC, and EF. 2 
li | Then, becauſe the two angles ABE, ACE are 
1118 1 -22. equal to two right angles“, and the two angles 
| 0 1 3 i; ACE, ECF are equal to two right angles, take YZ 
J Euc. lib. 1. 4 N away 3 5 
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two triangles BEC, AEF have the angles EAF, 
 EBC equal®, and the angle BEC equal to AEF, *Prop,21. 
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away the common angle ACE; then will the re- 
maining angle ABE be equal to the remaining 
angle ECF; and becauſe the angle BAE is equal 
to EAC, therefore the arch BE is equal to EC, «Prop. 26. 
and conſequently * the line BE is equal to EC; Fuc- lib.3. 
then, becauſe the two ſides AB A * Bac. libs. 
and BE are equal to the two 
ſides FC and CE, each to each, 
and the angle ABE equal to 


FCE, therefore ® AE is equal Prop. 4. 
to E, the angle CFE equal to Euc. lib. i. 
the angle BAE, and FECequal 
to BEA. Again, becauſe the F 


therefore the remaining angle BCE is equal to Euc. lib. 3. 


the remaining angle EFA; andi as FA is to Prop. 4. 


AE, ſo is BC to BE; but the ratio of BC to Euc. lib. ö. 
BE is given, becauſe each of the lines BC, BE 


are given in magnitudek, therefore the ratio of * Dat. 84. 


AF to AE is given; but AF is equal to the 
ſum of the two lines BA and AC, wherefore 
the ratio of the ſum of the two lines BA and 
AC, conſidered as one line, to AE is given. 
And, in the ſame manner as before, it is 


proved, that the rectangle contained between 


BA and AC, conſidered as one line, and the 
line DC is given in magnitude. 
Therefore, if within a circle, &c. which was 


40 te demonſtrated. | 
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444+4—4ÞpROPOSTION: XC 
This is Propoſition 95 in the other copies. 


If from any given point in the diameter of a 
circle, which is given in poſition, à right line be 
drawn any how, cutting the circumference, and 
if from the point of interſeftion, a line be drawn 


at right angles to it, which alſo is produced till 


it cut the circumference, and if from that point 
of inter ſection, where it cuts the circumference, 
à line be drawn parallel to the firſt mentioned line, 
the point where that laſt line cuts the diameter 
drawn through the given point, is given, and the 
rectangle contained between the two parallel lines, 
is given in magnitude. : | 
Let ABC be a circle given in poſition, and 
D a given point in one of its diameters, as DB, 
from D let DE be drawn, 


E, and from E, EC is 
drawn perpendicular to DE, 
and cutting the circumfe- 
G rence at C, through C let 

8 FC be drawn parallel to 
DE, and cutting the diameter DB in F; I ſay 
the point F is given, and the rectangle con- 
tained between the parallel lines DE and CF 
is given in magnitude. For, let CF, pro- 
duced, cut the circumference at G, and join 


DE Then, 


cutting the circumference at 


en a hs La a F ONE a ronra ene ns, 
ys . F 
Eu 1 wa W-r 72 
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Then, becauſe DE is parallel to CF, and 
the angle DEC is a right angle, wherefore! ' Prop. 2g. 
the angle ECG is a right angle, and conſe- Eu<-lib. i. 
quently * EG is the diameter of the circle a Prop. 31. 
ABC; but DF is a diameter“, wherefore the point 7 — 
, where theſe diameters cut each other, is the * 
center of the circle ABC; but the center of the 
circle ABC is given“, therefore H is given; » Def. 6. 
but D is given, therefore? DH is given in * : 
magnitude and poſition. Again, becauſe DE 2": 
is parallel to CG, the angle DEH is equal to 
the angle HGF, and the angles EHD, FHG Prop. 29. 
are equal“, and the fide EH is equal to HG, Euc. lib. 1. 
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wherefore ! the triangle EDH is equal to the Euc. lib. i. 


triangle HFG, and ED equal to FG, and DH Prop. 26. 
to FH; but DH is given in magnitude and Me: 
poſition, therefore HF is given in magnitude, 
and alſo in poſition; but the point H is given, 
therefore © the point F is given. And becauſe t Dat. 27. 
F is a given point, within the circle ABC, 
which is given in poſition, and from F the line 
CG is drawn, cutting the circumference of the 
circle, therefore the rectangle contained be- Dat. 88. 
tween CF and FG is given in magnitude; but 
FG is proved equal to DE, wherefore the rect- 
angle contained between the two parallel lines 
CF and DE is given in magnitude. 
Therefore, if from any point given in the dia- 
meter of a circle, which is given in poſition, a 
right line be drawn any how, cutting the circum- 
ference, and if from the point of inter ſection, a 
1 line 
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line be drawn at right angles to it, which alſo 
is produced till it cut the circumference,” and 
if from that point of interſection, "where it cuts 
the circumference, a line be drawn parallel to the 
firſt mentioned line, the point where that laſt line 
cuts the diameter drawn through the given point, 
is given, and the refangle contained between theſe 


two parallel lines, is given in magnitude; _— 
was to be demoted. * 


The End of EvcLiv's 1 
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BOOKS printed for A. Milan, oppoſite 
.. . Katherine-Street in the Strand. 


A Tazxrrsz or ALGenra, in three Parts, en 
e 
* 


I. The fundamental Rules and Operations. II. T 
Compoſition and Reſolution of Equations of all De 


and the different Affections of their Roots. III. The Ap- 


plication of Algebra and Geometry to each other. To 
which is added an Appendix, concerning the general Pro- 
perties of geometrical Lines, The ſecond edition. | 
A TzzaTisE or FLUxioONs. In two books. Two vo- 
lumes, 4to. - | 
An AccounT or Six Isaac NEwTon's PHILOSOPHICAL 
Drscoverits. In four books. Publiſhed from the Author's 


manuſcript. papers, by PaTzxicx Murpoca, M. A. and 


F. R. S. The ſecond edition. 8vo. Wo 
GEOMETRICA ORGANICA: ſive deſcriptio linearum cur- 


varum univerſalis. 4to. 


The above four books by Colix MacLavurin, M. A. 
late Profeſſor of Mathematicks in the Univerſity of Edin- 
burgh, and Fellow of the Royal Society. | 


Mxxcaron's SAILING, applied to the true figure of the 


earth. With an Introduction, concerning the diſcovery 
and determination of that figure. 


NzwTont GENESIS CURvaRUM PER UmBRras: Seu 
Perſpectivæ Univerſalis Elementa; exemplis coni ſectionum 


et linearum tertii ordinis illuſtrata. 


Theſe two books by ParxicE Muxpoch, M. A. &c. 


Tk DocTrinE or CHances: or, a Method of calcu- 
lating the Probabilities of Events in Play. The third edi- 
tion, fuller, clearer, and more correct than the former. 

MisCELLANEA ANALYTICA DE SERIEBUS ET QUADRA- 
TURIS. Cum Supplemento. 4to. 
AnNuUITIES Tavis: with ſeveral Tables, exhibiting, 


at one view, the value of lives, for different rates of intereſt. 


The fourth edition, in which are added, Tables for three 
and three and a half per cent. 


The laſt three by ABRAYAM pe Morvss, F. R. S. of 


London and Berlin. 


Eucrip's ELZuRxTS or Grouzrzx, from the Latin 
tranſlation of Commanpins. By Dr. Joan KEIL and 
SAMUEL Cuxx. The ſeventh edition. 3 
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Tur EL.s8MENTS OF ALGEBRA. In ten books. Two 
vols. 4to. By NicmoLas SaunDERSON, LL. D. 
Selzer ParTs of PROFESSOR SAUNDERSON's ELEMENTS 


or ALGEBRA. For the uſe of Students at the Univerſities. 


8vo. 
Tur Marnon or FLuxtons applied to a ſelect Num. 
ber of uſeful Problems. Together with the Demonſtration 
of Mr. Corzs's Forms of Fluents in the ſecond part of his 


LocoukTRIA; the Analyſis of the Problems in his Scho- 


LIUM Gnas ak and an Explanation of the principal 
Propoſitions of Sir Isaac NewTon's Philoſophy. Hlultrated 
with twelve Copper-Plates. By Nicholas SAUNDERSON, 
LL. D. late Profeſſor of e g r in the Univerſity 
of Cambridge. 

A TREATISE CONTAINING THE PRACTICAL PART or 
Foxriricariox. In four Parts. I. The Theory of Walls, 
Archery and Timbers, with ſeveral Tables of their Dimen- 
fions. II. The Knowledge of the Materials, their Proper- 
ties, Qualities, and the Manner of uſing them. III. The 
Manner of tracing a Fortreſs on the Ground, the 2 
an Eſtimate, and executing the Work. IV. The Meth 
of building Aquatics, as Stone Bridges, Harbours, Quays, 
e Sluices, and Aqueducts. Tluftrated with twenty- 

ight Copper-Plates. For the Uſe of the Royal Academy 

Artillery at Woekwich. By Joan MuLLER, + Profeſſor 
of Artillery and Fortification. 8vo. 

A TRrEaTIsE ON SHIP-BUILDING' AND +NAVIGATION, | 
In three Parts. Wherein the Theory, Practice, and Ap- 

lication of all the neceſſary Inſtruments are perſpicuouſly 
d. With the Conſtruction and Uſe of a new-invented 
Shipwright's Sector, for readily-laying down and delineating 
Ships, whether of ſimilar or diſſimilar Forms. Alſo Tables 
of the Sun's Declination, of Meridional Parts, of difference 
of Latitude and Departure, of * and of artificial 
Sines, Tangents, and Secants. Munxco | Mvuzrar, 
Shi t in his Majeſty's Yard at j To which is 
added; by Way of Appendix, an Ezglif ent of 
another Treatife of Naval Arne lately publiſhed at 
Pars, by M. DunalRL, Menber of che Royal Academy 
of Sciences, Fellow of the Royal Society of Landon, and 
Surveyor-General of the French Marine. The W. hole il- 
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